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Let J-"(R n ) be the algebra of Fourier transforms of functions from Li(R n ), /C(R n ) be 
the algebra of Fourier transforms of bounded complex Borel measures in R n and W 
be Wiener algebra of continuous 27r-periodic functions with absolutely convergent 
Fourier series. New properties of functions from these algebras are obtained. 
Some conditions which determine membership of / in J-"(R) are given. For many 
elementary functions / the problem / G J-*(R) can be resolved easily using these 
conditions. We prove that the Hilbert operator is a bijective isometric operator in 
the Banach spaces W/, ^(R), /C(R) — A\ (Ai is the one-dimension space of constant 
functions). We also consider the classes Mk, which are similar to the Bochner classes 
Fki and obtain integral representation of the Carleman transform of measures of Mk 
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by integrals of the form / — — - dX. 

(A + z) k+1 
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YAK 517.443 

LTycTb J-"(R n ) — ajire6pa dpyHKirnii, SBjisronrnxca: npeo6pa30BaHH5iMH Oypte cbyHK- 
iinii H3 Li(R n ), a /C(R n ) — ajire6pa cbyHKunn, HBjisroirrnxca: npeo6pa30BaHHHMH 
<J>ypte KOHeuHbix KOMnjieKCHbix GopejieBCKnx Mep b K™, W - BHHepoBCKaH ajireG- 
pa HenpepbiBHbix 27T-nepHo r zrHuecKHX (pyHKiTHft c aGcojnoTHO cxojj;siiihmcs: pa/jpM 
Oypte. B CTaTbe npnBO^HTca hcckojibko hobbix cbohctb (pyHKirnii H3 sthx ajire6p. 
,H,oKa3BiBaioTC5i HecKOJitKo pa3jrnuHBix ycjioBHfi npHHa^,jie>KHocTH dpyHKirnii <p aji- 
re6pe J-"(R) . C noMonibio sthx ycjiOBnii fljia MHornx sjieMeHTapHtrx d^yHKirnii 3a,n;a- 
ua o npHHa^jrejKHocTH nx k ajire6pe J-"(R) peniaeTca ^ocTaTouHo npocTo. ,ZIpKa3bi- 
BaeTCH, uto onepaTop rnjib6epTa — sto 6neKTHBHBiii H30MeTpHuecKHii onepaTop b 
6aHaxoBBix npocTpaHCTBax W/, .F(R), /C(R) — ^4i(^4i — o/nroMepHoe npocTpaHCTBo 
nocTOHHHtix (pyHKirnii). 3to HBjiHeTCH ochobhbim pe3yjiBTaTOM pa6oTbi. KpoMe TO- 
ro, flaeTca HHTerpajibHoe npe^cTaBjieHne npeo6pa30BaHHfi KapjieMaHa Mep H3 Kjiac- 
cob Mk, aHajiornuHbix KjiaccaM (pyHKirnft Fk, BBe^eHHbix BoxHepoM, HHTerpajiaMH 

oo 

f u(X) 

Bma J (XTIF 1 

— oo 

BnGjinorpacpna: 22 Ha3BaHna. 

KjnoHeBbie cjiOBa: ajire6pa BnHepa, ajire6pa KpeiiHa, npeo6pa30BaHne rnjib6ep- 
Ta, npeo6pa30BaHne KapjieMaHa, cbopMyna IloB3Hepa. 



§1. BcTynjiemie 

JlnTepaTypa no TeopHH npeo6pa30BaHHs Oypbe MHoriiMii xapaKTepH3yeTca KaK 
Heo6o3pHMa5i. Mbi npnBe^eM HeKOTopbie H3 pe3yjibTaTOB stoh TeopHH. 

+0O 

1. Ecjth / G L\{— oo, oo), to (pyHKHiis f{x) = / f{t)e~ lxt dt HenpepbiBHa 

\/2lT J 



-oo 



Ha ocn (— oo, +oo). 

2. Ecjih / £ Li(— oo, oo), to lim f(x) = 0. 

x— ?>±oo 
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3. Ecjih npeo6pa30BaHiie Oypbe / (pyHKUHH / G Li(R n ) onpe^ejniTb (popMyjioft 
to fljia npeo6pa30BaHHH Oypbe CBepTKH 

m = (/i * / 2 )w = y - «)/ 2 («)d« 

R" 

cnpaBefljiHBa (popiviyjia f(x) = {y/ 7 ^) 71 f\ix)faix). 3to Ba>KHoe cbohctbo npeo6pa30- 
BaHHH Oypbe. H3 Hero cjie^yeT, hto mhojkcctbo (pyHKUHH «F(R n ) HBjriieTca ajire6poit 

OTHOCHTejIbHO nOTOHeHHblX yMHO>KeHH5I H CJIO)KeHH5L 

4. Ecjih M(R n ) ajire6pa KOHenHbix KOMnjieKCHbix 6opejieBCKiix Mep b R n , 
fi E M(R n ), a - - npeo6pa30BaHHe Oypbe Mepbi /i, to - - orpamneHHafl 
paBHOMepHO HenpepbiBHaa (pyHKinia b R". MHO>KecTBO (pyHKHHii BH/ra Ji{x) o6pa3yeT 
ajire6py OTHOCHTejIbHO noTonenHbix cjiO)KeHii5i 11 yMHO^Kemia. Mbi 6ya,eM o6o3HaHaTb 
3Ty ajire6py Hepe3 /C(R n ) 11 Ha3bmaTb ajire6poii Kpeniia. 

5. Teopeivia BoxHepa yTBep^^aeT, hto Kjiacc HenpepbiBHbix nojio>KHTejibHO onpej^e- 
jieHHbix (pyHKi^HH b R™ coBna^aeT c KjiaccoM npeo6pa30BaHHH Oypbe nojio>KHTejibHbix 
Mep H3 M(R n ). OTCio/xa, b HacTHOCTH, cjie/xyeT, hto ajrreGpa Kpetea /C(R n ) coBna- 
/xaeT c KOMnjieKCHoii JiHHeftHOH o6ojiohkoh MHO>KecTBa HenpepbiBHbix nojio>KHTejibHO 
onpeflejieHHbix (pyHKr^iiii b R n . 

6. Ecjih i/j(x) — neTHasi Henpepbmasi (pyHKHH5i, y6biBaioma5i 11 BbinyKjiaa Ha nojiy- 
och [0,oo), npHneivi ip(x) — > (x — > +00), to ip G J-*(R). 3to cjieflCTBiie 113 Teope- 
mm 124, p. 

7. OGosHa^HM Hepe3 W ajire6py Bimepa, cocToainyio H3 HenpepbiBHbix 27r-nepH- 
OflnnecKHx (pyHKUHH, KOTopbie pa3JiaraiOTC5i b a6cojiiOTHO cxojxhihhhch Oypbe. 
H3BecTHO, hto ajire6pbi W, ^(R), /C(R) jioxajibHO coBna/raiOT. 3to 03HanaeT cjie- 
/ryioiHee. IlycTb fa - - cpyHKirnH, npHHafljie^Kamasi o/jhoh H3 Ha3BaHHbix Bbinie Tpex 
ajireGp, x G R. Tor/ja cymecTByeT hhcjio 5 > n cpyHKHHH fa n ^3, npHHafljie^Kamne 
flByM jjpyrnM ajire6paM, Taxne, hto npn t E (x — 5, x + 5) BbinojiH5ieTC5i paBeHCTBO 
f\{t) = fait) = fa{i). BnepBbie stot cpaKT 3aivieTHji BnHep ([2])- O/jHaKO, npiiBe- 
fleHHaa (popMyjinpoBKa b KHnre BnHepa OTcyTCTByeT. /IpKasaTejibCTBO npiiBeflemioro 
yTBep^KfleHHsi n flajibHenmne ccmjikh mo>kho Hair™ b pH rjiaBa 2, nyHKT 4]. 

8. TeopeMa BnHepa yTBepjK/jaeT, hto ecjin 27r-nepHOJiH x iecKa5i (pyHKurra (p jiOKajibHO 
npHHafljie^KHT W, to tp E W. ,HpKa3aTejibCTBO TeopeMbi BnHepa mo>kho HaiiTH b p, 
rjiaBa 2, nyHKT 4]. 

9. CnpaBefljiHB cjiejj,yiOHi,HH pe3yjibTaT CTenKHHa. IlycTb / G 1/2(0, 27r), 

n 

e n (/) = inf||/W-5^c*e iA **|| ia( o l2w) , 

fc=i 

Afc — BemecTBeHHbie nncjia, — KOMnjieKCHbie nncjia. Tor^a fljia Toro, HTo6bi cpyHK- 

U,H5I / 6bIJia SKBHBajieHTHa (pyHKITHH H3 ajire6pbl W HeoSxOflHMO H flOCTaTOHHO, HT06bI 

> 7=r- < OO. 

n=l v 
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^0Ka3aTejibCTB0 TeopeMbi CTenKHHa mc»kho Haft™ b P, rjiaBa 2, nyHKT 3]. 

10. CcpopMynHpyeM eme ^ocTaTOHHbie ycjiOBHH BepHHrreiiHa h SnrMyH^a npHHafl- 
jie>KHOCTH cpyHKHHH ajireGpe W. ITycTb $ — Kjiacc B03pacTaK»mHx Ha nojiyocn [0, oo) 
cpyHKHHH yflOBjieTBopaioinHx ycjiOBHHM: (p(0) = 0, cp(x + y) < <p(x) + ip(y). 

IlycTb / — HenpepbiBHaa 27r-nepHO r n,H x iecKa5i cpyHKHira, 0Jf(5) — ee MO^yjib Henpe- 
pbiBHOCTH, npnneM oo f(5) < if(5) , <p G Tor^a ecjin 

l 
f 

/ — — ax < oo, 



£2 







to f eW. 

EtycTb / — HenpepbiBHaa 27r-nepHO r n,HHecKa5i cpyHKHHH, HMeiomas orpamiHeHHyio 
BapHan,Hio Ha cerivieHTe [0, 2tx\. IlycTb BbinojirraeTCH HepaBeHCTBO 0Jf(5) < (f{S), v 9 ^ 
Toiyja H3 cxo^hmocth HHTerpajia 



J x 



cjie^yeT, hto f G W. 

^OKasaTejibCTBO TeopeM BepHniTeiiHa h SnriviyHfla TaK>Ke mo>kho HaiiTH b P, rjiaBa 
2, nyHKT 6]. 

11. fljiH Toro, HTo6bi cpyHKHiis F G L g (— oo, oo) 6bijia npeo6pa30BaHneM Oypbe 

1 1 

HeKOTOpOH CpyHKHHH H3 LJ — OO, Oo), J9 G (1, 2], - + - = 1, HeoSxOflHMO H flOCTaTOHHO, 

P Q 

HT06bI flJIH CpyHKHHH 

oo 

/ itx _ 1 
Fid—r^-dt 



BbinojiH5ijiHCb HepaBeHCTBa 

n-l 



E 



(x k+ i - X k )P 1 

fljisi jno6bix Xk TaKHx, hto — oo < x\ < x^ < • ■ ■ < x n < oo. 
3to TeopeMa 1 H3 [4]. 

12. fljia Toro, hto6bi (pyHKH,Hii F G L^— oo,oo) npHHafljie^Kajia ajire6pe J r ( 
HeoSxoflHMO h flocTaTOHHO, HTo6bi BbinojiH5uiHCb cjie^yioiHHe flBa ycjiOBHa: 

1) (pyHKHHOHajI 

DO 



-VfQ?) = J F(x)g(x)dx 



6biji HenpepbiBHbiM jiHHeHHbiM cpyHKHiiOHajiOM Ha jiHHeiiHOM MHoroo6pa3HH npocTpaH- 
CTBa Loo(— oo, oo), cocTOsmeM H3 cpyHKHiiii ajireGpbi .F(M), 
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2) 

lim / F(x)g n (x)dx = 



DO 



n— >oo 



fljiH jno6oii nocjieflOBaTejibHOCTH (pyHKH,Hft g n G Li(— oc,oo) TaKoft, hto 1 1 ^tt, 1 1 i — >0 

(n ->• OO), ||p„||oo < 1. 

3to nepecpopMyjinpoBKa TeopeMbi 2 H3 

13. fljia Toro, htoGm HenpepbiBHaa orpaHHneHHasi (pyHKn,HH /(£) Ha och (— oo, oo) 
npHHa^jie^ajia ajire6pe /C(R), HeoGxoflHMO h ^ocTaTOHHO, HTo6bi BbinojiHHjiocb Hepa- 

BeHCTBO 

*\ 2 

~ ltx dt 



sup / 

n>l J 

— oo 



/«"(=?) 



G?A < OO. 



3to c TOHHOCTbio flo TepMiiHOJioriiii H3 [51 TeopeMa 3]. 

14. PaCCMOTpHM pflfl 



£ e mln„ a g ( , 1). 



77,2 r 

n=l 



HanncaHHbiH p^fl cxo^htch paBHOMepHO Ha Bceft och (—00,00), a (pyHKnrra ^ a (x) 
yflOBjieTBopaeT ycjiOBHio Tejib^epa nopsiflKa a. 3to yTBepx^eHHe npHBe^eHO b KHnre 
SnriviyHfla P, rjiaBa 5, pas^eji 4]. B toh >Ke KHHre b npHMenaHnax HMeiOTCH ccbijiKH 

Ha nepBOHCTOHHHKH. 

OTMeTHM eme, hto b KHHre SflBap^ca [H rjiaBa 10, nyHKT 10.6] npHBefleHbi pa3Jinn- 
Hbie pe3yjibTaTbi, KacaiomHecsi ajire6pbi VV h npHBe^eHO 6ojibnioe KOJinnecTBO ccmjiok 
Ha pa6oTbi no stoh TeMaTHKe. 

B naparpacpeElflaiOTCH pa3JiHHHbie ^ocTaTOHHbie ycjiOBHH npHHafljie^KHOCTH <pyHK- 
nrift ajire6pe J-'(R). HanpHMep, ycjiOBHe BbinyKjiocTH, KOTopoe npncyTCTByeT b ccpop- 
MyjinpoBaHHOM Bbinie yTBep^^eHnn 6, 3aMeH5ieTC5i Ha ycjiOBHe KyconHoft Bbiny kjiocth . 
IlpHHeM HanpaBjieHHH BbinyKjiocTH Ha pa3JiHHHbix ynacTKax He CBsreaHbi Me^K^y co- 
Soft. H3 npHBefleHHbix b naparpacpe 2 ycjiOBHft, b nacTHOCTH, cjie^yeT npHHa/yie^KHOCTb 

(pyHKUHH : — p-, r^e ln^ x = In . . . Iilx, a k — ^ocTaTOHHO 6ojibnioe hhcjio, aji- 

m k (a k + \x\) 

re6pe ^(R). 3/recb k > 1 — jno6oe n,ejioe nncjio. 

OTMeraM HeKOTopbie pe3yjibTaTbi H3 naparpacpa [31 

H3 ccpopMyjinpoBaHHoro yTBepjK^eHHH 6 cjie^yeT, hto b ajire6pe J-'(R) ecTb (pyHK- 

n,H5i <p(x) : KOTopaa coBna^aeT c cpyHKi^neft b HeKOTopoft OKpecTHOCTn +00. 

\n k x 

Mo>kho nocTaBHTb Bonpoc: cymecTByeT jih b ajire6pe J-'(R) cpyHKi^nsi (p TaKaa, hto 

2 3 

(fix) ~ (x — > +00), (fix) ~ - — : — 7 (x — > —00)? Otbct OTpnn,aTejibHbift. Oxa- 

\ri2X \x\ 

3biBaeTCH, hto (pyHKirnn ip H3 .F(R), h R&me H3 /C(R), "nonm" neTHbie. TonHee, mh 

flOKasbmaeM (TeopeMa fFM . hto ecjin tp G /C(R), a z — HeBemecTBeHHoe hhcjio, to cy- 

+00 

f ^( A ) 

mecTByeT V.P. / dX. 3to ^OBOjibHO cym,ecTBeHHoe orpaHnneHne Ha noBe^eHHe 

J A + z 
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(pyHKUHH (f B OKpeCTHOCTH 6eCKOHeHHOCTH, eCJIH yHHTblBaTb, HTO (pyHKHHH 113 /C(R) 

He o6a3aTejibHO 6ecKOHenHO Majibie Ha GecKOHenHocrn. 

ToHKa oo He 5iBji5ieTC5i HCKjuoneHHeivi. CymecTByiOT orpaHnneHH5i h Ha jiOKajibHoe 
noBe^eHHe (pyHKnnii (p H3 ajire6pbi /C(R). 

Mbi flOKasbiBaeivi (TeopeMbi [112, 1201 ), hto (pyHKHira 



-oo 



7T J X — A 



r^e HHTerpaji noHHMaeTca, KaK 



x—e N 

hm i[ fm dX+ rm dX 

N-r+co n \ x — A x — A 



KoppeKTHO onpe^ejieHa /yisi Bcex x G (— oo, +oo) h npnHafljie^KHT ajire6pe /C(R)(J-"(R), 
ecjiH ip G J-"(R)). AHajiorHHHbiii pe3yjibTaT (Teopeivia EMI) cnpaBe^jinB h ^jm ajire6pbi 
W. Mbi flOKasbmaeivi, hto ecjin (p G W, to 

7T J C - Z 

T 

rAeT={C: |C| = 1} , zE T. 

OcTaHOBHMca Ha pe3yjibTaTax naparpacpa [H IlycTb k > — uejioe hhcjio. Kjiacc 

BoXHepa Ffc COCTOHT H3 (pyHKUHH f(t) H3MepHMbIX Ha BemeCTBeHHOH OCH H TaKHX, HTO 

/(*) 

30BaHHe KapjieivraHa = (F + (z) , F-(z)) , r^e 



BbinojiHHeTCH ycjiOBHe - — - fc G Li(— oo, +oo). fljia / G Fj- onpe^ejraeTCfl npeo6pa- 



+oo 

F+{z)= J f(t)e ltz dt, lmz>0, F-(z) = - J f(t)e ltz dt, lmz<0. 

-oo 
OyHKHHH F(z) HBJIHeTCH KyCOHHO aHajIHTHHeCKOH (pyHKH,HeH B KOMnjieKCHOH njioc- 

kocth, pa3pe3aHHofi no BeinecTBeHHoii och. 

Mm BBOflHM Kjiaccbi Mfc Mep, KOTopbie aHajiorHHHbi KjiaccaM F^. Mepa fi npnHa/b- 

jie>KHT Kjiaccy M/., ecjin Mepa /ii, dfii(x) = j — rr, npnHafljiejKHT Kjiaccy M(R). 

1 + 

Mep H3 Kjiacca TaioKe onpeflejraeTCH npeo6pa30BaHHe KapjieMaHa 

+oo / / 



-oo 



r^e HiTpnxH Hafl 3HaKaMH HHTerpajiOB 03HanaiOT, hto HHTerpajibi no nojiyoc^M [0, +oo) 
n (— oo, 0] 6epyTCH He no Mepe /i, a no Mepe ji — |/i({0})<5, r^e 5 — Mepa flnpaxa. 
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B naparpac^elUflaiOTCs npeflCTaBjieHHH HHTerpajiaMH BH^a — — - }, dX npeo6- 

J (\ + z) k+i 

— oo 

pa30BaHHH KapjieiviaHa F{z) Mep H3 KjiaccoB ^OKasbiBaeiviasi (popiviyjia 5iBji5ieTC5i 
o6o6m,eHHeM (popiviyjibi IloB3Hepa [8]. 

E[peo6pa30BaHHe KapjieiviaHa - - Ba>KHBift o6b>eKT b rapMOHHHecKOM aHajiH3e. Oh 
6biji npe^MeTOM HccjieflOBaHHH fljra MHornx MaTeMaraKOB. KapjieiviaH BBeji CBoe npe- 
o6pa30Bamie b [2]. O pa3BHTHH Hflen KapjieiviaHa mojkho npoHHTaTb b [TO] [IB], rjj,e 
Tax me HivieiOTC5i MHoroHHCjieHHbie ccbijikii. 



|2. ^OCTaTOHHbie yCJIOBH51 npHHa,ZI,Jie^CHOCTH (})yHKIl,HH 

ajireSpe ^(R] 



B yTBepjKfleHHH 6, ccpopMyjiiipoBamiOM bo BCTynjieHHH , npiiBOflHTCfl flocTaTOHHoe 
ycjiOBHe, HaiifleHHoe TnTHMapineM, KOTopoe rapaHTHpyeT npHHajj,jie>KHOCTB 3ajj,aHHOH 
cpyHKii,HH ajire6pe J-'(R). flajiee npiiBO/j^TCfl 6ojiee cjia6Bie orpaHiiHeHira Ha (pyHKniiio 
R(x), rapaimipyioiuHe BKjiiOHeHHe R G IIojiyHeHHbie pe3yjiBTaTBi iio3boji5iiot 

fljia MHornx ajieMeirrapHbix (pyHKinift jjpcTaTOHHO npocTO peniaTB sa^a^iy o npimajj,- 
jie>KHOCTH STiix cpyHKijHH ajire6pe J-"(R). KoiieHHO, fljia sjieivieHTapHBix (pyHKn,HH R 
Taxaii saflana peniaeTCH h 6ojiee npocrbiiviii MeTOflaiviii, c-CHOBamiBiMii Ha iicnojib30Ba- 
hhh Ta6jiHD; npeo6pa30BaHHft Oypbe h cooTBeTCTByioinHx acHMirroTHHecKHx cpopiviyji. 
HaniH pe3yjibTaTbi iio3boji5iiot /jpyriiM MeTOflOM jj,OKa3biBaTb cooTHOineHHe R G J-(R) 

flJIH TaKHX (pyHKL^HH. 

Mbi HaHHeM co cjie/jyiomero yTBep^fleHHsi. 
JlEMMA 1. Ilycmh h G Li(0, oo), a G [0, 7r], k > — v^ejioe hucao, 

kn+a (fc+pTT+a- 
t t 

Hi(t) = J h(x)sinxtdx, ^(t) = J h(x) cosxt dx. 

* t 

Tosda cnpaeedAueu Hepaeencmea 



a oo 




K -dt< j ^ ^ dv / |/i(x)|c/x, 





a 




^0KA3ATEJlbCTB0. MMeeM 



fc7T+Q' a 

ffW 1 /" ,/«\ . , (-l) fc f h f v±kn \ ■ . 
Hi(t) = - / n. ^— J sm« aw = — - — / I — ^ — J smv dv. 
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IlosTOMy 



oo a oo a oo 

f \Hi(t)\ , f . f 1 fv + k7r\ . , , /" sinv /•,,,,,, , 
1 dt< sinv / | dv = / — / |/i(r)| dr dv. 



J t J J t 2 \ t J J V + &7T 



AHajioriiHHO OHeHHBaeTCH HHTerpaji c (pyHKHHeii H2(t). 
JleMMa flOKasaHa. 

OTMeTHM, hto npHBefleHHbie paccy^fleHHH He no3BOJi5iK)T OH,eHHBaTb 6ojiee o6in,He 

(pyHKHHH H\{t) II H2{t), KOTOpbie OTJIHHaiOTCa OT paCCMOTpeHHblX B jieMMe cpyHKD,nii 

H\(t) ii H2(t) TeM, hto i^ejioHHCJieHHaa nocTOHHHasi /c > 3aivieH5ieTC5i Ha Hejic-HHC- 
jieHHyio (pyHKH,Hio k(t) > 0. 

Cjie^yiOH^He TeopeMbi nocBameHbi npeo6pa30BaHH5iM Oypbe MOHOTOHHbix (pyHK- 
HHH. Pe3yjibTaTbi Ha 3Ty Teiviy h ccmjikh Ha nepBOHCTOHHHKH, b nacTHOCTH, Ha paGoTbi 
ripHHcreiiMa mo>kho HaiiTH, Hanpniviep, b KHHre [H, pas^eji 1.10]. 



TEOPEMA 1. IJycmb (p(x) - - y6u6atow ) att na noAyocu (0, oo) cfiyHKyuA co cxodn- 

oo oo 

vjiimca unmegpaAOM / ip(x) dx, g m (t) = / <£>(#) sinxt dx. 



rmt 
t 



Tozda (—l) m g m (t) ecmh noAocucumeAbHaA na noAyocu (0, oo) (fiynKyuA u eunoA- 
HfiemcA paeencmeo 



oo 



9m(t) dt _ f sinu 
t J u 

mm 



B uacmHocmu, 



3G 



I^ dt = ll ^ {x) dx ' m = 9 ° {t)) - {2A) 



^OKA3ATEJlbCTBO. Byn,eM CHHTaTb, hto m = 0. fljifl flpyrnx m npoxo^HT aHa- 
jiorHHHoe flOKasaTejibCTBO. H3 ycjiOBHft TeopeMbi jierxo cjie^yeT, hto <p - - nojicoKH- 
TejibHaa 6ecKOHeHHO Majiaa Ha 6ecKOHeHHOCTH cpyHKnrm. Kpoivie Toro, tp 6 £>i(0, 00). 
HivieeM 

00 00 kn 

g(t) = - J if ^— ^ sin u du = - J tp ^— ^ sin u du = 



fc_1 (fc-l)7T 



4D-r/,(^)».*. (2.2; 



0603HaHHM 



a k = / V 9 sinu dv. 
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IlocjieflOBaTejibHOCTb - - 3to y6biBaK>matf 6ecKOHe x iHO iviajiaa nocjieflOBaTejib- 
HOCTb. Ilo Teopeivie JIeH6HHn,a cpyHKii,H5i git) nojio>KHTejibHa Ha nojiyocn (0, oo) h 
fljiH ocTaTKa p^fla (12.21) cnpaBefljiHBa ou,eHKa 



7T 

1 f ( v + nir 



\Rn(t)\ < - / (p ( — - — J sinv dv. 



o 



Tor^a, noBTopsra cooTBeTCTByioiiiyio BbiKjia^Ky H3 ^OKasaTejibCTBa jieMMbi []} nojiy- 



OO 7T 



^\ dt < f^^dv ( v[x)dx . 



J t J V + U7T 



3to HepaBeHCTBO onpaBflbmaeT nepeivieHy nop^flKa cyMMiipoBainra h HHTerpiipoBaHH5i 
b HiiJKecjieflyiomeH BbiKjia^Ke 

OO ^ 7T OO 

n fc=l n n 



X) 

^^(-i) fc_i / - + ^ 1)7r ^ = y dxj s -^du 



o fc_1 



TeM caivibiM Teopeivia ^OKasaHa. 

3AMEHAHHE 1. BuKjiadnu, npuMeuenHue npu doKaaamejihcmee cfjopjuyAu l\2. 1\) eoc- 
xodnm k JJo6aueecKOMy [T^ (cm. manofce fT3f), Komopuil buhucaha unmespaA 

OO 

/fix) dx. 3mu Jtce eunjiadnu npuMCHAA TumuMapm. Haute doKa3ameAbcmeo 
x 

o 

noAODicumeAbHocmu g(t) coenadaem c doKa3amcAbcmeoM meopeMU 123 U3 khuzu 

i 

TumuMapma. TumuMapm naKAadueaA 6oacc CAa6oe ozpanuueHue J ip(x)dx < oo 

o 

na gjyHKVjUW (p(x). Odnano, e amoM CAynae HCAh3A nucamb paeencmeo l\2.1\) . Tcikum 
o6pa30M, paccyotcdenuH TumuMapma noK03ueawm, nmo noAOCHCumeAbuocmb gjyuK- 
%uu git) CAcdycm U3 6oacc CAa6oso ospanuueHUA na cfyuKyuw <p(x) : hcm mo, Komopoe 
mpc6ycmcA e mcopcMC. Oduano e daAbneumeM 8am nac eacncuo, nmo6u cxo3uaca un- 

oo 

— ^— dt. /foKasameAbcmeo mcopcMU U\ — 9Tno Aumt a/ieem u3mchchhuc 



paccyjtcdeHUA TumuMapma. 

flajiee chmbojiom f' + (x) o6o3HaHaeTC5i npaBaa nporoBOflHasi (pyHKi^iiii / b tohkg x. 
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TEOPEMA 2. Ilycmb fix) — yBueawinan eunyKAaa 6cckohchho Majian, e 6ecKOHen- 
Hocmu cfiyHKVjUJi na nojiyocu [0, oo) u nycmb 



oo 

F c (t) = y — J f(x) cos xt dx. 
o 

Tozda F c (t) > 0, F c (t) e Li(0, oo) u 

oo 

J F c (t)dt= ] j^f(0). 



^OKA3ATEJlbCTBO. TaK KaK 



oo 

F c (t) = -y ~ y /+W sina ^ 



to Teopeivia E] ecTb np^Moe cjieflCTBHe TeopeMbiQ], npiiMeiraeMOH k (pyHKu,Hn —f' + (x). 

Teopeivia E] coBna^aeT c Teopeiviofi 124 H3 khhth TiiTHMapina pQ. Mm CTirraeM, hto 
npHBO^HMoe TaM ^OKasaTejibCTBO cjio>KHee Haniero. 

AHajiorHHHO TeopeMe Q] flOKa3MBaeTca cjie^yioinasi TeopeMa. 

TEOPEMA 3. Ilycmb <-p(x) - y6ueaK>uj i aH na nojiyocu (0, oo) tfynnyusi co cxoda- 

oo 

muMCJi unmezpajioM J (p(x) dx u nycmb 

o 

oo oo 

g m {t) = J y(x) cosxt dx=- j if ^— ^ cos u du, m = l,2, ... 

f(m-|) T(m-i) 

Ibada (— l) m g m (t) ecmb nojiowcumejibnasi (ftynnyusi na nojiyocu (0, oo) w eunoji- 
Hnemcji paeencmeo 



OO 00 



^ dt = [ du [ (fir) dr. 

J u J 



J t 

Tr(m-i) 

^UpKaiKeM aHajior TeopeMbi E] ajih ciiHyc npeo6pa30BaHH5i Oypbe. 

TEOPEMA 4. Ilycmb f(x) — y6u6awm ) asi eunyKJiaa 6cckohchho Manasi e 6cckohch- 
nocmu (fiynnyusi na nojiyocu [0, oo). Tozda cunyc npeo6pa3oeaHue Oypbe (fynnyuu 

oo 

F 8 (t) = y ^ J f{x) sinxt dx (2.3) 
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npedcmaeAfiemcfi e eude 

sde ip G L\(0, oo). Ecjiu donoAHumeAbno npednoAoztcumb, umo cxodumcA unmespaA 

oo 

r m - /(o) 



X 



doc . 



mo cnpaeedAuea cfjopMyAa 



F s (t) = \l-^ + Mt), 



IT t 



zde ipi(t) G Li(0, oo). 

^OKA3ATEJlbCTBO. H3 ycjiOBHH TeopeMbi cjie^yeT, hto k HHTerpajiy ( 12.31 ) npnivie- 
HHMa (popiviyjia HHTerpiipoBaHiis no nacTHM. IlosTOMy 



Fs(t) 




2 1 

7T 1 



f(x) cos 



2 1 



f' + {x) cos xtdx = 



2 /(O) 

7T t 



7T 

+ )IVt( f © - /(o) ) + v It / f+{x){cosxt - 



oo 

+ y— ~y f' + (x) cos xtdx. 



2t 



IlycTb A\{t) h ^2(^) ~~ npeflnocjie^Hee h nocjie^Hee cjiaraeMbie b HarmcaHHOH cyMMe. 
Ilo Teopeivie [3] HMeeM, hto A<i G Li(0, oo). flajiee HMeeM 



OO 



7T 

2 



|Ai(t)|^ < 



1 — cos u)du dt 







7T 

2 



OO 



= A /__ /(l-cosn) / 1 




OO 



7T 

2 



- / 



1 — COSM 



du. 



u 



M.3 npHBefleHHbix paccyjK^eHHH cjie^yiOT yTBep^KflemiH TeopeMbi. 

^OnOJIHHTejIbHO MO>KHO 3aMeTHTb, HTO 



3C 



*l>(t)dt = \-f(P) 




/ 21 

' 2 



\ 



1 — COS u 



du 



COS u 



u 



du 



V 



7T 

2 



/ 



11 



Teopeivia ^OKasaHa. 

3aivieTHM, hto b OTjiHHHe ot TeopeMbi [21 Teopeivia ID OTcyTCTByeT b KHiire TnTHiviap- 
nia. 

Cjie/ryioinyio Teopeivry mo>kho pacciviaTpiiBaTb KaK ycnjieHHe toh nacTH TeopeMbi El 
r^e roBopHTC5i, hto F c (t) G Za(0, oo). Mbi 3aivieH5ieM Tpe6oBaHiie BBinyKjiocTH <pyHK- 
hhh fix) Ha 6ojiee cjia6oe. EcTecTBeHHO, hto npn btom Tep5ieTC5i cbohctbo nojio>KH- 

b 

TejibHOCTii (pyHKL^iiH F c (t) . CTaHflapTHbiH chmboji \J f o6o3HanaeT BapHan,Hio (pyHK- 

a 

hhh / Ha npoiviexcyTKe [a, b]. 

TEOPEMA 5. Ilycmb ifyHKyun Rix) ydoejiemeopnem ycAoeuMM: 

1) R{x) — uemnasi (fynnyuA, 

2) R(x) (x -> +oo), 

3) a6coAK>mHo nenpepuena na aw6om cezMenme [0, a], a > 0, 
^) #0) G Li (0,(30), 

5) cywficmeyem hucao b > maKoe, umo eunoAHAwmcA ycAoeun: 
a) uwmtzpaA 

oo 

fm dt<00i (2 .4) 



gde #(£) = / sinxi afe, cxodumca, 
o 

5) cymecmeyem npodoAQfcenue R' na ecw eemecmeeHHyw ocb manoe, umo (fiyHKyuji 

oo 
» oo 

R'(x) uMeem odpanuHeHHyw eapuayuw na noAyocu [6, oo), npuueM / \J R' dx < oo. 



Tozda Rix) G J'(R). 

^OKA3ATEJlbCTBO. 

OyHKii,H5i R'[x) npHHa^jie^KHT Li(0, oo) h HivieeT orpaHHneHHyio BapHanHio Ha no- 
jiyocH [6, oo). rioaTOMy R'{x) — > 0(x — > +oo). Ilpn x > b cnpaBefljiHBO npe^CTaBjie- 

oo oo 

HHe R'{x) = <f\(x) — (p2(%), r^e (fi(x) = V R' , (fi2{x) = \/ R' — R'(x). CnpaBefljiHBBi 

X X 

cooTHOHiemTfl (fi(x) 4- 0, <-f2{x) i [x — > +oo), ipi, if2 G Zq(6, oo). Onpe^ejiHH 
ipiix) = </?i(6), ^2(3^) = ^2(0) npn a: G [0, 6] mbi nojiyHHM, hto (pyHKHHH (f\(x) h 
if2\x) y6BiBaiOT Ha nojiyocn [0, oo) h npHHafljie^KBT npocTpaHCTBy Li(0, oo). 06o- 

3HaHHM 

oo oo 



RAx) = 



ipiit) dt, R2(x) = — J (f2(t) dt, x G [0, oo) 



H IipOflOJDKHM 3TH (pyHKHHH HCTHBIM o6pa30M Ha BCK) OCB (— OO, Oo). 06o3HaHHM 

Tax>Ke A{x) = R\{x) — R2{x). Ho Teopeivie E] (pyHKHHH R\ h R2 npHHa^jie^KaT ajire6pe 
^(R). Tor^a A G J-"(K). Pa3HOCTB B{x) = Rix) — A[x) 5iBji5ieTC5i HenpepBiBHoft 
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(pyHKHnen Ha och (—00, 00), KOTopasi paBHa Hyjiio npn \x\ > b. Ha cerMeHTe [0, b] 
cpyHKHHH A{x) HBjraeTCH jinHeitHon (pyHKi^iieft. ,Hajiee HMeeM 



00 00 



J B(t) cosxtdt = —^J B'(t) sinxt dt = J R'(t) sinxt dt + ^ J sinxt dt = 
00 00 

b 

1 /" . . 1 — cos 6t 
= — / it m smxt at + a ~ . 



Tenepb H3 yaiiOBHH 5) TeopeMbi cjie^yeT, hto B G Ia(l, 00). IIocKOJibKy (pyHKUHH B 

HenpepbiBHaa h HeTHaa, to B G Li(— 00,00). OyHKHH5i 5 HenpepbiBHa h npHHa^jie- 

>kht L\{— 00, 00). Kpoivie Toro, 5 G Li(— 00, 00). IIosTOMy 5 G ^(K.), G .F(R). 
Teopeivia ^OKasaHa. 

3aivieTHM, hto HepaBeHCTBO ( 12.41 ) mo>kho 3aivieHHTb Ha 6ojiee cnjibHoe HepaBeHCTBO 

b 

J \ R'(x)\ p dx < 00 c p > 1. Mojkho CHHTaTb, hto j9 G (1, 2]. B 3tom cjiynae 



git) G Lg(0, oo), — I — = 1. H Tor^a HepaBeHCTBO ( 12.41 ) cjie^yeT H3 HepaBeHCTBa 

P q 

UiBapHa. 

flajiee mm ccpopMyrnpyeM aHajior TeopeMbi ^jih HeneTHbix (pyHKHHH. 

TEOPEMA 6. nycmh cfiyHKyuA R(x) ydoeAemeopAem ycAoeuRM: 

1) Rix) - - Henemnatt cfiyHKyuA, R{0) = 0, 

2) R[x) (x +oo), 

oo 

/* l#(z)l , 

j J ummezpaji \ dx cxooumcA, 

J x 



4) R(x) aScojiwrnno nenpepuena na ak>6om cezMenme [0, a], a > 0, 

5) #0) G £1(0,00), 

£j cyvu^ecmeyem hucao b > manoe, umo eunojinsuomcH ycAoeua: 

00 6 



— - — dt < 00, 8<9e g(£) = / R'(x) cosxt dx, 



6) cymecmeyem npodojiomenue R! na ecw eemecmeeHHyio ocb manoe, umo (fiynKyun 
R'(x) UMeem odpanuueHHyw eapuayuto na noAyocu [6, 00), npuneM 



00 

n OO 



\J R! dx 



< 00. 



Tozda Rix) G T 



^OKa3aTejibCTBO TeopeMbi O npoBO^HTCH no toh >Ke cxeMe, hto h ^OKasaTejibCTBO 
TeopeMbi O, TOJibKO ccbijiKy Ha TeopeMy E] Hy>KHO 3aMeHHTb ccmjikoh Ha TeopeMy [U 
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B o^HOTHiiHbix Teopeiviax 0h0 paccMaTpHBajiHCb cjiyHaii, Kor^a R(x) smjraeTcsi 
HeTHoft (pyHKii,HeH (TeopeMa 0) h HeneTHoit (pyHKUHeft (TeopeMa EI) . H3 3thx TeopeM 
jierKO nojiynaeTCH aHajiornHHaa TeopeMa, r^e OTcyTCTByiOT orpamiHeHHH Ha HeTHOCTb 
(pyHKu,HH R(x). 3Ta TeopeMa flOKasbmaeTCH npHMeHeHiieivi TeopeM [5] h O k (pyHKixH5iM 

- (R(x) + fl(-aO) h - (R(x) - R(-x)) . 

TEOPEMA 7. JJycmh cfjynKyusi R(x) ydoeAemeopAem ycAoeuRM: 
1) R(x) ->> (x -)> ±00), 

OO 

/ I^W-M-x)! , 

£j unmespaA / ax cxooumcA, 

J x 


5j i?(x) a6coAwmno nenpepuena na aw6om cczMcnme, 

4) R (x) G Li(-oo, 00), 

5) cym,ccmeycm hucao b > maKoe, nmo eunoAHMomcA ycAoeuti: 
a) 

00 00 

Wt)l dt <oo, /M^oo, (2.5) 



2#e 




g(t) = y (R'(x) — R'(—x))sinxt dx, h(t) = ^ (R'(x) + R'(—x)) cosxt dx, 


6^ cymecmeyem npodoAwcenue R' na ecw eeu^ecmeennyw och manoe, nmo eunoA- 
nmomcA ycAoeuM 

~b oo 

/X n OO 

\j R! dx < 00, / V 

Tozda i?(x) G J'(R). 

CnpaBe^jiHBO saMeHamie, aHajiorHHHoe 3aMeHaHiiio k TeopeMe HepaBeHCTBO 

b 



/i*<.)r*«» 



c HexoTopbiM > 1 CHjibHee HepaBeHCTB ( 12.51 ). 

B cjieflyiomeft TeopeMe paccMaTpHBaeTca cjiyHaii, Kor^a (pyHKUHH R'(x) KycoHHO 
MOHOTOHHa h iiHrerpiipyeMOCTb (pyHKHHii |i?'(x)| p MO»ceT HapyniaTbCH b KOHe^HOM 



HHCJie TOHeK. 



TEOPEMA 8. nycmh R(x) - nenpepuena^ cmpeMRV^aACA k nyAW npu x — > ±00 
cfiynKyuA u nycmh cyu^ecmeyem manoe nonpumue 

■00, oj, [a\, a 2 ],..., [an-i, a n ], [a n , oo) 
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eeu^ecmeeHHOu ocu, umo na KajfcdoM U3 eunucannux eume MHowcecme odna U3 
cfiyHKi^uu R(x) u —R(x) siejinemcsi eunyKJiou. 

Tosda djisi moso, nmo6u R(x) G ^(R), neo6xoduMO u docmamoHHo, nmo6u cxodu- 
Jiucb unmespaAu 

oo 1 

[ \R(x) - R(-x)\ , f \R(a k + x) - R(a k - x)\ 

/ ax, / ax, k = l,...,n. 

J x J x 

1 o 

^OKA3ATEJTbCTBO. BHanajie nocTpoHM cnen,HajibHyio CHCTeMy (pyHKHHH 
{h(x)} n k=0 . 

BbiGepeM hhcjio c > TcIkiim, HTo6bi BbinojiHHjiHCb ycjiOBHH: c G (a n + 5,oo), 

— C G (— OO, a\ — 5), TOHKH C H — C — TOHKH ,2J,H(p(pepeHII,HpyeMOCTH (pyHKHHH R(x). 

OnpeflejiHM cpyHKHHio Hq(x) Ha nojiyocax (— oo, —c], [c, oo) Tax, HTo6bi BbinojiHH- 
jiHCb ycjiOBHH: 

1) Ha Ka^floft H3 3thx nojiyoceii (pyHKHHH Hq(x) hmqqt to >Ke HanpaBjieHHe bbi- 
nyKJIOCTH, hto h R(x), 

2 Fo(-c) = flf-c), tfj(-c) = #(-c), # (c) = R(c), H' (c) = R'(c), 

3) (pyHKHHH Hq(x) HBji5ieTC5i flBa^Kflbi HenpepbiBHO flHcpcpepeHiiHpyeMOH Ha KajK^oft 
H3 nojiyoceii (— oo, — c] h [c, oo), 

4) (pyHKUHH Hq(x), Hq(x), Hq(x) npHHa^jie^aT npocTpaHCTBaM L\{— oo, — c) h 
Li(c, oo). 

OyHKHHio ho(x) onpeflejiHM (popMyjioft 

f - H Q (x), \x\ > c, 

v ' \ 0, |x| < c. 

^ajiee Bbi6epeM hhcjio 5 > Tax, HTo6bi BbinojiHHjiHCb ycjiOBHH : 

1) afc + 25 < flfc+i — 2(5, = 1, . . . , n— 1, 

2) TOHKH Cifc ± (5 6bIJIH TOHKaMH flHCpCpepeHHHpyeMOCTH (pyHKHHH R(x), 

3) Ha KajKflOM H3 HHTepBajiOB (a k — 5, a k ), afc + (5), A; = 1, . . . , n (pyHKHHH R' + (x) 
He MeH5ieT 3HaK. 

flajiee ^jih A; = 1, . . . , n (pyHKHHH hk{x) onpeflejineM cjie^yioiHHM o6pa30M 

0, x G (—00, a k — 2(5], 

Pfc(x), x G [a fc - 2J, a k - 5], 

h k (x) = { R(x), x e [a k - 5,a k + 5], 

Qk(x), x G [afc + 5, a k + 2(5] , 

0, x G [afc + 2(5, 00), 

r^e P k (x) k Q k (x) — MHoronjieHbi He Bbinie TpeTbeft CTeneHH, BbiSnpaeMbie Tax, hto6bi 
(pyHKHHH h k (x) 6bijia ^(pc^epeHHHpyeMOH b TOHKax x = a k ± 5, x = a k ±25. 

0603HaHHM 

n 

h(x) = h k (x), ip(x) = R(x) — h(x). 

k=0 

OyHKHira i/j(x) oSjiaflaeT CBoiicTBaMH: 

1) ip(x) — HenpepbiBHaa (pyHKH,HH Ha Bceii och h ip(x) — > npn x — > ±00, 

2) mx) G L\{— 00, 00), 
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3) y (J)yHKn,nn ip(x) Bcio^y cymecTByeT npaBaa nporoBOflHafl i/j' + (x) h 3Ta nporo- 
BOflHaa 3Bji5ieTC5i (pyHKHHen orpaHHHeHHoft BapHau,HH Ha och (—00, 00). 

H3 3thx cbohctb jierKO cjie,n,yeT, hto npeo6pa30BaHHe Oypne ip(t) (pyHKHHH ^(x) 
npHHa^jie^KHT npocTpaHCTBy L\{— 00, 00), a caivia <pyHKHH5i -^(x) npHHafljie^KHT aji- 
re6pe J'(R). 

^ajiee mbi 6yn,eM Hccjie^OBaTB CBoftcTBa npeo6pa30BaHHft OypBe cpyHKHHft h k (x). 
IlycTB k = 1, . . . , n. HMeeM 

00 00 

- If _■ eT ulkt f _■ 

h k (t) = — f= / h k (x)e dx = / h k (a k + u)e du = 

v27T 7 




06o3HaHHM 



(h k (a k + it) + /ifc(afe — it)) cosut du- 



(h k (a k + it) — /ifc(afc — it)) sinitt 



00 

c k (t) = J (h k (a k + it) + /ifc(afc - it)) cosut <iit, 





X) 



d k (t) = J (h k (a k + u) - h k (a k - it)) smut du. 



fl&jiee Haxo^HM 



00 

c k (t) = — - J (h' k (a k + u) — h' k {a k — it)) sin ut du = 


6 5 

= — - j h' k (a k + u) sin ut du + - / ^4( a fc — it) sin ut du— 


00 

-j J{h' k (a k + it) - /4(afc - w)) sinut du = c A i(t) + c fc2 (t) + c fc3 (t). 

OyHKUHH /tfc b o6meM cjiynae He flHqScpepeHHHpyeMa. B Tex TOHKax, r^e nporo- 
BOflHaa He cymecTByeT, no/i, nponsBOflHOH cjie^yeT noHHMaTB npaByio npoHSBO^Hyio. 
EtocKOJiBKy cpyHKH,H5i h' k (a k + it) — h' k (a k — it) HMeeT orpaHHneHHyio BapnaHHio Ha no- 
jiyocH [5, 00), to HHTerpHpoBaHHe no nacT^M ^aeT cymecTBOBaHHe hoctohhhoh M k % 

TaKOH, HTO BBinOJIHHeTCH HepaBeHCTBO 

\cm(t)\ < —. 
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PaccMOTpHM (pyHKHHio Cki(t). Ha HHTepBajie (0, 5) BbinojiH^eTca paBeHCTBO h' k (a k + 
u) = R'(a,k + u). Ecjih R'{a k + 0) — KOHeHHaa BejiHHHHa, to bhobb HHTerpiipoBaHHe 
no nacTHM npHBe^eT k HepaBeHCTBy 

\Cki{t)\ < —. 

IlycTb Tenepb \R'(a k + 0)| = oo. He orparoraiiBas oGihhocth, mo>kho CHHTaTb, 
hto R'(a k + 0) = +oo (HHane Hy>KHO paccMaTpHBaTb (pyHKHHio —c k i(t)). B cnjiy 
orpaHHHeHHii, Hajio>KeHHbix Ha 5, HMeeM R'(a k + 5) > 0. nosTOMy ecjin (pyHKirnio 
/i' fc (a + u) npoflOJiJKHTb c nojiyHHTepBajia (0, 5] Ha nojiyocb [0,oo), nojiaraa npoflOJi- 
>KeHHyio (pyHKHHio paBHoii Ha nojiyocn [5, oo), to npoflOJiJKeHHasi (pyHKiirra 6yn,eT 
y6biBaK»Hi,eH Ha nojiyocn (0, oo). B paccMaTpHBaeMOM cjiynae npHMeHeHHe TeopeMbiQ] 
jjaer cooTHonieHHe Cki(t) G Zq(0, oo). O/iHaKO, b jho6om cjiynae c k \{t) G Li(l,oc). 
AHajiorHHHO mo>kho jj,OKa3aTb, hto c^it) G Li(l,oo). H3 CKa3aHHoro cjie/ryeT, hto 
c k {t) G Li(l,oo). 

7T 

nepexo^HM k HCCJieflOBaHHio d k {t). Hivieeivi npn t > — 

25 

00 

X f 1 IT 7T 

d k(p) = ~ (h'{a k +u) + h'{a k -u)) cosut du = - (h k (a k +^ -h k (a k -^j - 


— -J (h'(a k + u) + /i'(afc — u)) (1 — cosut) du-^r-J h'^cik + u) cosut du+ 



2t 
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+- J h' k (a k — u) cos ut du + — J {h' k {a k + u) + /4(&fc — ^)) cos ut du = 



2f 



= - (h k (a k + j f )- h k (a k ~ ^)) + d kl (t) + d k2 (t) + d A3 (t) + d fc4 (t). 

TaK KaK cpyHKH,H5i h' k (a k +u) + h' k (a k —u) HMeer orpaHHneHHyio BapHanino Ha no- 
jiyocn [5, 00), to HHrerpHpoBaHne no nacrsiM npHBO/jHT k oueHKe 

\du(t)\ < ^ 

C HCKOTOpOH nOCTOHHHOH M k \. 

Ecjih o6o3HanHTb ip(u) = \h' k (a k + u) + /4( a fc — w)|, to nojiynnM 



00 00 2t 00 2 



|<ifci(t)|(it < J j J <p(u)(l — cos ut)du dt = J ¥ (l-cosv)dv dt = 
00 00 

7T 7T 
2 OO OO 2 

= / (1 — cosv ) / — dt dv = / ip(r)dr / C ° S ^ dv. 



00 00 
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OueHKa cpyHKHHH d^it) npoBO^HTCsi aHajioriiHHO oueHKe cpyHKHHH Cki{t), TOjibKO 
ccbijiKy Ha Teopeiviy [I] Hy>KHO 3aMeHHTb ccbijiKoft Ha Teopeiviy 0. 9to ^aeT dk2{t) G 
oo). AHajiornHHO d^{t) G ^i(f 5 oo). 

TaKHM oopa30M, npn £ > — BbinojiH5ieTC5i paBeHCTBO 



1 / „ / 7T -. „ , 7T 



d k (t) = - (R(a k + ^) " R{a k ~ ^)) + 4W, 

^ 7T 

r^e dfe(t) G ^i(f? °°)- Bo3BpaiD,aHCb k cpyHKHHH hk(t) nojiyHHM, hto npn t > — 



BbinojiHHeTCH paBeHCTBO 



* w = £ ( fl(at + ^ - R{ak - + ! * ( * ) ' 



iyre g k (t) G Li(f, oo). 

OcTajiocb HccjieflOBaTb cpyHKHHio 



oo oo 

ho(t) = — = / ho(x)e~ lxt dx = / h' (x)e~ lxt dx = 

V27T J \/2lTti J 



— oo — oo 



2ttU 



5 oo 

(/io(x) + x)) cosxt dx — i J (h' Q (x) — h' Q (—x)) sinxt dx 



,o 

0603HaHHM 

oo oo 



cq(£)= y (/io(x)+/io(— x)) cos x£ c/x= y (R'(x)+R'(—x)—H' (x)—H' (—x)) cosxt dx, 



c 

DO 



do(t)= J (h' (x)—h' Q (—x)^ sinxt dx= J (R' (x) — R' (—x) — H' (x) + H'q(—x)^ sinxt dx. 

c 

ITycTb f[x) — (pyHKii,HH, onpeflejieHHa^ Ha nojiyocn [c, oo). 06o3HanHM nepe3 f{x) 

npoflOJi^KeHHe stoh cpyHKHHH Ha nojiyocb [0, oo), npHneivi f[x) = f{c) npn x G [0,c]. 
CnpaBefljiHBbi paBeHCTBa 



OC 



c (f) = y (#(a;) + R'(-x) - H' (x) - H' (-x)^ cosxt dx, 
o 

00 

do(t) = J (r'(x) — R'(—x) — H' (x) + H^—x)^ sinxt dx = 
o 

= d 01 (t) + d 02 (t) + d 03 (t) + d oi (t). 
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OyHKipra R\x) MOHOTOHHa Ha nojiyocii [0, oo) h npHHa^jieoKHT npocTpaHCTBy 

oo 

Li(0, oo). riosTOMy H3 TeopeMbi [1] cjie^yeT cxo^HMOCTb HHTerpajia J ■ - dt. 3th 

o 

me paccyjKfleHHH npHMGHHMbi fljra (pyHKrniii <io2> <^03> ^04- TeM caMbiM flOKasaHO, hto 

\do(t)\ 



oo 

\dJtM 

dt < oo. 



J t 



06o3HaHHM <p(x) = R'(x) + R'(— x) — H' (x) — H' (—x). HivieeM 



TT_ TT_ 

2t 2t oo 



co(t) — / <-p{x)dx — I ip(x)(l — cosxt)dx + / R'(x) cosxt dx+ 



TT 

2/ 



OO OO OO 



+ /i?(-s)coerf dx - /fleece* dx - J H- ( - X ) COSxt dx = J> W . 

IT IT TV 

2t 2t 2t 

CnpaBefljiHBO HepaBeHCTBO 



k=\ 



n 

oo 2t 

Mi)l dt < I - 



t 







7T 7T 

oo 2 oo 2 

f 1 f , ,u.,,. N /" i / m 7 /"l - cos It 

= / — / |</?(— ) (1 — cos itjaw at = / |(£>(i>)|ai> / du. 



t 2 J 





u 



OyHKunsi R!(x) MOHOTOHHa Ha nojiyocH (0, oo) h npHHa^jiOKHT npocTpaHCTBy 
Li(0, oo). Ilo TeopeivieE] 

oo 

[ Mfi\ 

/ dt < oo. 



AHajiorHHHbie paccy^K^eHHH cnpaBe-fljiHBbi ^jra (pyHKiniii CQi(t), cos(t), CQQ(t). 

7T 

Ecjih t > — , to coi(t) = 0. B npoTHBHOM cjiynae 

7T 

2t 

c i(t) = J ^R'(x) + R'(-x)-H' Q (x)-H' (-x)^dx = 

-*(sH(-s)-Ms)+M-s) 
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EcjIIi 0603HaHHTb 



Ri(t) = 



Hi(t) = 



0, t > 



2c' 



7T 



2c 

to 6yn,eT BbinojiH5iTbC5i paBeHCTBO coi(t) = R\{t) — H\{t). Jlerxo npoBepaeTCH Hepa- 

BeHCTBO 

oo 

f \Hi(t)\ , 

/ 1 ^ v 71 eft < oo. 



H3 CKa3aHHoro cjie^yeT, hto cnpaBefljiiiBO npeflCTaBjieHHe 

h (t) = ^L-R 1 (t)+g (t), 
V 2tt it 

r^e g (t) e Li(0, oo). 

Tenepb jierxo 3aKaHHHBaeTca ^OKasaTejibCTBO TeopeMbi. Ecjih HariHcaHHbie b ycjio- 

bhh TeopeMbi HHTerpajibi cxoahtch, to (pyHKi^Hii ho(t), hi(t), . . . , h n (t) npiiHafljie^KaT 
Li(0, oo), a 3HaHHT h Li(— oo, oo). Hy>KHO HMeTb b Bii/jy, hto npii A; = 1, . . . , n (pyHK- 

d,hh /ijfc(t) HenpepbiBHbi h nosTOMy npHHa^jie^KaT Li(0, |). Pfe SToro cjie/jyeT, hto 

!?(£) G Li(— oo,oo). HivreeM 

00 

R(t) = — L= f R(x)e~ ltx dx. 
y2it J 

— oo 

Ecjih HanHcaHHbiii HHTerpaji paccMaTpuBaTb KaK Heco6cTBeHHbiii HHTerpaji c oco6bi- 

MH TOHKaMH ±00, TO 113 (pOpMyjIbl IIHTerpiipOBaHH5I no HaCT5IM CJiejjyeT, HTO (pyHKIBTfl 

R(t) KoppeKTHO onpeflejieHa jjjih Bcex t 3a B03MO>KHbiM HCKjnoneHHeM t = 0. Kpoivie 

Toro, R(x) — > npii x —>■ ±oo. JloKajibHoft HHTerpiipyeMOCTH (pyHKniiii R(t) j^ocTa- 
tohho jjjih cnpaBefljiHBOCTii (popiviyjibi oGpameHira 

A 

R(x) = — L= Km J ( 1 - J %)e* te d* 



noHTH fljisi Bcex £ (sto cjie^yeT H3 TeopeMbi 113 [T]). B HanieM cjrynae, nocKOJibKy 
R(t) 6 Li(— oo, oo), to 3to paBeHCTBO mo>kho nepenHcaTb b Bii^e 

oo 

i?0) = — L y %)e ite d*. 
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Tax k&k o6e nacTH paBeHCTBa hbjthiotch HenpepbiBHbiMH (py hkhhhmh , to oho Bbinoji- 
HHeTCH fljia Bcex BemecTBeHHbix x. TeM caivibiM G J-"(R). 

IlycTb Tenepb R(x) G J-'(M). Tor^a h(x) = fofc(ff) £ ^(M). Tax KaK cnpa- 

k=o 

Be^jiHBO HepaBeHCTBO p(supp hk, supp hj) > npn k ^ j, to KajK^asi H3 <pyHKHHH 
hk(x) G J-"(R). rio3TOMy 

oo 

h k (x) = -^= [ Mt)e~ Ux dt, 



2tt 

— oo 

r^e G Li(— oo, oo). Ilo (popiviyjie o6pameHH5i 

oo oo 

lim —== / hk(x)e~ ex2 e lxt dx = —= / hk(x)e lxt dx. 

e->0 V27T J V27T J 



IlocjieflHee paBeHCTBO ,h,jih /c = 1 , . . . , n o6ocHOBbmaeTC5i c noMombio TeopeMbi Jle6era 
o npe^ejibHOM nepexo^e. B cjrynae k = oho cjie^yeT H3 paBHOMepHoft cxo^hmocth 
cooTBeTCTByKDmero Heco6cTBeHHoro HHTerpajia Ha MHO>KecTBe {e:0<£<oo} (npn- 
MeH5ieTca npH3HaK A6ejra paBHOMepHoft cxo^hmocth Heco6cTBeHHbix HHTerpajiOB). 

TaKHM o6pa30M, hk{t) G Li(0, oo). Pfe SToro b cboio onepe^b cjie^yeT cxo^HMOCTb 
HHTerp ajiOB BbinHcaHHbix b ycjiOBHH TeopeMbi. 
Teopeivia ^OKasaHa. 

B KanecTBe npniviepa paccMOTpHM (pyHKHHio 

1 

R(x) = 



^/l + In 2 \x\ 

HivieeM 

, -In i In \x +2 In \x + In \x — 1 

R \ X ) = 3 ' R W = 5 • 

x(l + ln 2 \x\) 2 x 2 (l + ln 2 |x|) 2 

JJ^jisi 3toh (pyHKH,HH BbinojiH5HOTC5i Bee ycjiOBHH TeopeMbi O IlosTOMy R(x) G J- (I 
OTMeTHM eme, hto ^jis (pyHKHHH 

R(x) = 



ln k (a k + \x\) 



r^e <2fc > efc, (ei = e, e^+i = e ek ) npoBepxa ycjiOBHH TeopeMbi [S] He Bbi3bmaeT HHKaKHx 
3aTpyii^HeHHH. IToaTOMy R(x) G J-"(R). 

§3. CBOHCTBa (J)yHKi^HH H3 ajire6pt»i /C(R) 

H3BecTHbi cjiojkhocth, CB5i3aHHbie c onHcaHHeM (pyHKHHH H3 ajire6pbi ^(M), a TeM 
6ojiee H3 ajire6pbi /C(M). 06 stom, b nacTHOCTH, HanncaHO b pa6oTe [M, rjiaBa 1, 
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pas^eji 6], KoHenHO, b nyHKTax 12 h 13 H3 BCTynjieHiM npHBefleHbi KpnrepHH npHHafl- 
jie>KHOCTH cpyHKipiii ajireGpaM J-'(R) h /C(R). O^HaKO, aBTopaM HeH3BecTHbi cjrynaH 
3(p(peKTHBHoro npHMeHeHHH 3thx KpHTepiiGB. B coBpeMGHHbix pyKOBOflCTBax no rap- 
MOHHnecKOMy aHajiH3y sth KpHTepiiii 3aHacTyio He npHBOflsiTCs. 

B npeflbi^ymeM naparpacpe npHBe^eHbi flocTaTOHHbie ycjiOBiis npHHa/yie^KHOCTH 
<pyHKu,HH ajire6pe J-"(R). flajiee npHBOflflTCH HeKOTopbie HOBbie CBoftcTBa <pyHKHHH 
H3 3thx ajireGp. TeM caMbiM ^aiOTca HeoSxo^HMbie ycjiOBHH Bxox^eHHH (pyHKHHH b 
yKa3aHHbie ajireGpbi. 

TEOPEMA 9. nycmh (fiynKyusi (p G /C(R) u HenemnaM,. Tozda djin jik>6o20 Heeev^e- 
cmeeHHoso z Heco6cmeeHHuu unmeepaA 

oo 

/ IS- («) 



cxodumcsi. 

^OKA3ATEJlbCTBO. H3 ycjiOBHfi TeopeMbi cjie^yeT, hto 

30 

(f{X) = / sin At d/i(t), 



r^e fi G M(R). IlocKOjibKy BejiHHHHa 

TV / oo 

sin \/ 

dA 




sin At 



X + z 

HBjiaeTCH KOHenHon, to no Teopeivie ToHHejin [TSl rji. Ill, § 11, nymcr 4] (pyHKHHH 

A + z 

npHHa^jie^KHT npocTpaHCTBy L\ Ha MHO>KecTBe [0, N] x[0, oo) no Mepe dA x dfi(t). H3 
TeopeMbi Oy6nHH cjie^yeT, hto 

N I 00 \ 00 / N 

^ , x /* / /* sin At 7 , . \ „ /" / f sin At 

d//(t) I dA= / ( / — — dA I df£(t). 

\o 

MivieeM 



A + z / / \ / A + z 




N N N 

. . „ T , /" sin At , , /" sin At , , f sin At , , . , , T . . , , T , N 
A(iV, t) = / dA = / — — dX-z — - r dX = Ai{N, t) + A 2 (N, t). 



X + z J X J X(X + z) 





H3 paBeHCTBa 



Nt 

. . AT . /" sin A 
Ai(N,t) = / — — dX 



A 

cjie^yeT orpamiHeHHOCTb (pyHKHHH Ai(N,t) Ha MHO>KecTBe [0, oo)x[0, 00] 
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PaCCMOTpHM CpyHKITHK) 



1 



A + x — iy 



0yHKHH5I 



A + x 



X + z (X + x) 2 + y r 
KaK (pyHKinia nepeivieHHOH A Ha och (—00,00), MeH5ieT Ha- 

y 



{X + x) 2 + y 2 

npaBjieHHe mohotohhocth b TOHKax —x — y h — x-\-y, a (pyHKHH5i 



(X + x) 2 + y 2 



MeH^eT 



HanpaBjieHHe mohotohhocth b TOHKe A = — x. 

A + x 

Ecjih Ha cerivieHTe |Ai, A2J cpyHKHH5i — = 5iBji5ieTCs mohotohhoh, to no 

(A + x) z + y z 

BTopoii Teopeivie o cpe^HeM 3HaneHHH HM66M 



Ai 



(X+x) sin At 
A {{X+x) 2 +y 2 ] 



dX = 



Ai+x 



i 



sin Xt 



{Xx+x) 2 +y 2 J X 



dX- 



X 2 +x 



sin Xt 



Ai 



{X 2 +x) 2 +y 2 J X 



dX. 



fljis jiio6oro Beni,ecTBeHHoro A BBinojimieTca HepaBeHCTBO 



A + x 



(X + x) 2 + y 2 



< 



1 



CymecTByeT M > Taxoe, hto ^jm jho6bix a, b h t BBinojiH^eTca HepaBeHCTBO 

b 

f sin At 

dX 



3aivieTHM eme, hto 



A 



y 



< M. 



{X + x) 2 + y 2 



< 



\y\ 



Tenepn HeTpyz^HO yBH^eTB, hto ,h,jih cpyHKHHH A(N,t) cnpaBefljiHBa oueHKa 



\A(N,t)\<M 



00 



Heco6cTBeHHBiH HHTerpaji 



sin At 

A + z 



dX 5iBji5ieTC5i cxofl^H^HMCH fljiH jho6bix t > 0. 



Tenepn H3 TeopeMBi o Ma>KopHpyeMoii cxo^hmocth cjie^yeT, hto <pyHKHH5i In(z) 
HMeeT npe^eji npn N — > oo h stot npe^eji paBeH 



oo / oo 



sin At 




dX dji{t). 



TeM caMBiM ycTaHOBjieHBi He tojibko cxo^hmoctb HHTerpajia ( 13.11) , ho h BBinojiHeHHe 
paBeHCTBa 



X + z 



oo / oo 



dX = 



sin At 




dX d/i(t). 
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Teopeivia flOKasaira. 

3AMEHAHHE 2. B [T7[ zji. 1, § 4j doKa3ano 6ojiee cjia6oe ymeepotcdenue 06 ozpanu- 

b 

ncnnocmu no ncpcMcnnou b unmespaAa f ^— — dX 3aa neuemnux cfjynKyuu p U3 



A 



ajise6pu .F(R). 



3aMeTHM, hto ii b cpopiviyjiirpoBKe TeopeMbi Mi h b ee flOKasaTejibCTBe npoMe>Ky- 
tok HHTerpHpoBaHHH (0, oo) mc»kho 3aMeHHTb Ha (—oo,0). Pfe SToro cjie^yeT Taxa5i 
Teopeivia. 

TEOPEMA 10. IJycmh (fjynKyuH ip G /C(R) u neuemnaA, a z - ncecu^ccmecnnoe 
hucao. Tosda cxodumcji ncco6cmecnnuu unmespaA 

oo 

fp^dx. 

J X + z 



BoAee mozo, ecAU 



3C 

(p(X) = J smXtdfj,(t), ^GM(K), 



o 

mo eunoAnncmcA paeencmeo 



oo / oo 



— oo 




A + ^ J \ J X + Z 



TEOPEMA 11. Ecau qiynnyuA p G /C(K) u nemnaA, a z — neeeu^ecmeennoe hucao, 
mo cymecmeyem 

oo 

V.P.f^dX. 
J X + z 

— oo 

BoAee moso, ecAU 

oo 

p(X) = J cos Xtdfjb{t), /iGM(M), (3.2) 
o 

mo eunoAHAemcA paeencmeo 

oo oo / oo 

V.P. [ ^dX = f VP. f^dXi dp®. 




X+z J \ J X + z 



^OKA3ATEJlbCTBO. Tax Kax (pyHKi^HH p G JC(R) ii HeTHaa, to paBeHCTBO ( 13.21) 

BbinOJIH5ieTC5I flJIH HeKOTOpOH Mepbi jl G M(R). 
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PaCCMOTpHM 

N / oo 



In{z) = J [J J^Mt) dX. 



-N \0 

IloBTopeHHe cooTBeTCTByioinHx paccy^KfleHHH H3 floxasaTejibCTBa TeopeMbi M flaeT 

oo / N 



-N 

Tax KaK 



N N 

a,*t \ /* cos At „ ~ /" cos At 
A(N,t)= j —dX = 2zJ {z _ x){z + x) dX 



-N 



ecTb orpaHHHeHHaa (pymojHH Ha mhokcctbg [0, oc)x[0, oo), to npiiMGHeHiie TeopeMbi 
Jle6era o Ma>KopiipyeMOH cxo^hmocth ,zraeT cyirrecTBOBaHiie npe^ejia (pyHKiriiii In{z) 
npii N — > oo h BbinojiHeHHe paBeHCTBa 



oo oo / oo 



— oo — oo \ — oo 

TeM caMbiM TeopeMa ^OKasaHa. 

Cjieflyiomaa Teopeivia TecHO CB5i3aHa c y>Ke ^OKasaHHbiMH TeopeiviaMH [TU] h [HI Ee 
mo>kho CHHTaTb oflHHM H3 ocHOBHbix pe3yjibTaTOB naprpacpa. HanoMHHM, hto onpe^e- 
jieHHe npeo6pa30BaHHH KapjieiviaHa Mepbi flaHO bo BBefleHHH. 

TEOPEMA 12. Ilycmb Mepa fi £ M(M), ft - - ee npeo6pa3oeanue Oypte, z - - neee- 
v^ecmeeHHoe hucao. Tozda eunoAHMemca paeencmeo 

oo 

1 V.P. [ ^dX = F(z), (3.3) 



2tt J X + z 

— oo 

2(?e F — npeo6pa3oeaHue KapjieMana Mepu \i. 

^,OKA3ATEJlbCTBO. EtycTb Mepa /i A onpeflejiaeTca paBeHCTBOM fi A (E) = fi(—E). 

0603HaHHM 

Mepa //i - ■ Heraaa, a /i 2 ~ ~ HeneTHaa, npnneM // = + /i 2 . 06e Mepbi /xi h /i 2 
npHHa^jie^KaT ajire6pe M(R). Toryja 

M(A) = mi (A) + %{\) = ^i(A) + y> 2 (A). 

HMeeM 

OO OO OO / 

ipi(X) = ; / e~ lXt dui(t) = —= / cos Xt dui(t) = —= / cos Xtd/iUt), 

V2k J V2^ J V2^ J 

— oo — oo 
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oo 



e~ lXt dfi 2 {t) 



^7T 



sin At dji2{t) 



2i 



OO 



/ 2n 



sin At dfi2{t). 



-00 



-oo 



3HaneHHe CHMBOJia ' Hafl 3HaK0M HHTerpajia o6b>5icH5ijiocb bo BCTynjieHHH. 
H3 TeopeM [TT] h [TU] cjie^yioT paBeHCTBa 



3C 1 



V.P 



-oo 



oo 



yi(A) 
A + z 

12(A) 
A + z 



dA 



V.P. 



d\ = 




cos At 
A + z 



dX djii{t). 



-oo 



sin At 

A + z 



dX dji2(t). 



— oo Voo 

YnHTbiBaH HeTHOCTb Mepbi \i\ h HeneTHOCTb Mepbi fi2, nocjie cjioxceHHH HanncaHHbix 
paBGHCTB nojiynaeM 



V.P. 



m 

X + z 



dX 



dX djii{t)-\- 



-oo 



oo / oo 



z sin At 




dX dfi2(t) 



dX dfi2{t) = 



-oo \— oo 




dX d(i\{t) 



dX dfjb{t). (3.4) 



^ajiee noHa r n,o6HTC5i cjie^yioinee yTBep^Kflemie. 

TEOPEMA 13. IJycmb g(z) - cfiyHKyusi, MepoMopcfjnasi e nojiyruiocKocmu lmz>0 
c KoneunuM hucaom nojiwcoe e mouKax ai, . . . , a n . Ylycmb cfiyHKyuji g nenpepueno 
npodoAJtcaemcrt na spanuyy nojiynjiocKocmu u ydoeAemeopnem coomHOUieHuw g(z) = 
o(l) npu z — > oo. Tosda eunoAHsiemcji paeencmeo 



oo 

/n 
g(u)e m du = 2m Res am g(z)e 

m=l 



3to 3a^aHa 28.04 H3 [18] . 

IlpoflOJiJKHM ^OKasaTejibCTBO TeopeMbi [121 CnpaBe-fljiHBO paBeHCTBO 



OG 



,-iXt 



I = V.P. 



oo 



A + z 



dA = < 



-sign t 



u — tz 

— oo 

Z7rsign?y, 



tilt, ecjin t 7^ 0, 
ecjin t = 0. 
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ripeflnojio^KHM, hto Im z > 0. Tor^a no Teopeivie US] nivieeM 

i = \ 



-27iie ltz , ecjiH t > 0, 
0, ecjiH £ < 0. 



Ecjih xce Im 2 < 0, to 

/ = 




ecjin t > 0, 
ecjiH t < 0. 



Pa36iiBaa bhgiiihhh HHTerpaji H3 npaBofi nacTH paBeHCTBa ( 13.41) Ha HHTerpajiBi no 
MHO>KecTBaM (—oo,0), {0}, (0, oo) n no^CTaBjiHH HaH^eHHoe 3HaneHne /, nojiynaeivi 
yTBep^cfleHne TeopeMbi. 

flajiee b paBeHCTBe ( 13.31) mbi xothm nepenrn k npe^ejiy, Kor^a z = x-\-iy — > x. JXns. 
SToro noHafloGnTCH cjie/ryioinee yTBepjKfleHne. 

TEOPEMA 14. Ilycmb C opuenmupoeaHHaA KOMnanmuaA zjiadnaa otcopdanoea 
Kpuean, 603mochcho 3aMKHymaH, z ■ npou360AbnaA euympcuHAA mourn na Kpu- 
eou C, v - - eduHuunan nopjviaAb k Kpueou C e mouKC z, pacnoAootceHHaa CAeea om 
KacameAbHou, z e = z ± ev : C e = C \ / e , l £ - cesi3Hasi KOMnonenma MHootcecmea 
Cf]C(z, e), codepotcau^aA moHKy z, C(z,e) = {( : |C — z\ < e}, ip — nenpepuenaa 
cfjyuKUAiA na Kpueou C. Tozda 

lim _L ( [p^L d( fp£L d( ) = ^ v w . 

3AMEHAHHE 3 CcjjopMyAupoeaHHdA meopeMa ecmb uacmHuu CAynau opusunaAbno- 
20 pe3yAbmama IJpueaAoea, Komopuu e /23 ; SAaea 5, § 1] nocum na,36anue ocHoenaA 
acmmcl 3aa unmespaAoe muna Komu. B opueuuaAC paccMampueaemcA CAynau, Kozda 
C — cnpAMAfieMatt Kpuean, p — unmczpupycMdA cfiyuKUjUA na Kpueou £, v — eduuun- 
huu HeKacameAbHuu eenmop e mouKC z, pacnoAoamenHUU CAeea om KacamcAbuou. 

TEOPEMA 15. Ilycmb fi 6 M(M) u /2 - - ee npeo6pa3oeaHue Oypbc. Tosda 3aa ato- 
6odo ecuificmetnnozo x cyu^ecmeyem unmczpaA 

oo 

fP-dX, (3.5) 
./ A - x 



nonuMaeMuu kclk 




u eunoAHAemcA paeencmeo 



x-e N 

m dX+ [ m dX 

A — x J A — x 

N x+e 



- [EH rfA = -*?(*), 

7T J A — X 

— oo 



zde dv(t) = (sign t)djj,(t). 



27 



^0KA3ATEJlbCTB0. BeJlHHHHa 

oo 

f ( /2(A) /2(A) 



A — x + ze A — a: 



dX 



N 



b CHjiy orpaHHHeHHOCTH cjpyHKijHH /2(A), OHeBHflHO, CTpeMHTca k Hyjiio npn e — > 0. 
rio3TOMy, ecjiH npHMeHHTb TeopeMydHK (pyHKi^Hii ^(A) = /2(A), to b Ka^ecTBe kphboh 
C mo>kho 6paTb BemecTBeHHyio ocb. Tor^a nojiynaeivi 

to I / -^—dX- [J^ldx)={ ~™l\ X \ (3.6) 
X-x±ie J X-x J \ 7rz/x(a;). v ' 

IloflHepKHeM, hto b HanHcaHHOM Bbinie paBeHCTBG o6a HHTerpajia cjie^yeT noHHMaTb 
b CMbicjie rjiaBHoro 3HaneHHH. H3 TeopeMbi [T2] cne/ryeT, hto 

00 00 , 

limKP. / — dX = -iV2^ [ e- txt d/i(t), (3.7) 

e^O J X-X + l£ J W V 7 

-00 

oo / 

limT/.P. / — dX = iV2^ [ e- txt d/i(t). (3.8) 

e^o J X-x-ie J 

—00 —00 

06o3HaHGHH5i co HiTpHxaMii o6 r b5iCH5ijiHCb b KOHi^e nepBoro naparpacpa. 
H3 CKa3aHHoro cjie^yeT, hto cymecTByeT 

limV.P. / M-dA, 

e^O J X-X 

£s 

T.e. cymecTByeT HHTerpaji ( 13.51) b CMbicjie, ormcaHHOM b ycjiOBHH TeopeMbi. 

TaKHM o6pa30M, Ka^Kfloe cjiaraeMoe b jieBOH HacTii (13.61) HMeeT npe^eji. Tenepb H3 
(13 .61 ) — f l3~8T ) cjie^yiOT paBeHCTBa 

00 , 00 

-iV2^ J e- lxt d/i(t) - J j^dX = -wi$(x), 

-00 

/ 00 

iV2^ [ e~ lxt d/i(t)- [ ^-dX = 7riji(x). 



X — x 

OflHHM H3 cjieflCTBHH 3THX paBeHCTB HBjiHeTCH TpHBHajibHaa (popMyjia 



-OO 



00 

' -itx 



/2(rc) = — == J e dji(t). 
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J\jik Hac Ba>KHO flpyroe cjie^CTBHe, KOTopoe coBna^aeT c yTBep^fleHHeM TeopeMbi, h 
KOTopoe nojiynaeTCH cyMMHpoBaHneM HanHcaHHbix paBeHCTB. 
Teopeivia ^OKasaHa. 

Ajire6pa /C(R) CTaHOBHrca 6aHaxoBon ajire6poii, ecjin Hopiviy ajieivieHTa /2 onpefle- 
jiHTb (popMyjioii ||// 1 1 = ||/i||. KaK 6aHaxoBO npocTpaHCTBO ajire6pa /C(R) aBjia- 

\/27r 

eTCH np^Mofi cyMMoft o^HOMepHoro npocTpaHCTBa Ai nocTO^HHbix cpyHKHHH h npo- 
CTpaHCTBa A2 Tex (pyHKHHH H3 /C(R), KOTopbie 5ibjihk)tch npeo6pa30BaHHHMH Oypbe 
Tex Mep H3 M(R), KOTopbie He Harpy>KaiOT Hyjia. 

HanoMHHM, hto fljiH (pyHKHHH, onpeflejieHHbix Ha BemecTBeHHoii och, npeo6pa30- 
BaHHe THjibGepTa onpeflejraeTesi (popMyjioii 

+00 

(Hf)(x) = V.R- f 

7T J X — t 

—00 

PaccMaTpHBaeTCH h o6o6meHHoe npeo6pa30BaHHe THjibSepTa 

00 

—00 

Xoponio H3BecTHO, hto onepaTop THjib6epTa H 5iBjraeTC5i H30MeTpHnecKHM b npo- 
CTpaHCTBe L^i— 00, 00) h hto f 6 L2{— 00,00) BbinojiH5ieTC5i paBeHCTBO iif 2 / = 
— /. CnpaBefljiHBO TaK>Ke cjieflyiomee yTBep^KfleHHe. 

TEOPEMA 16. nycmb u3MepuMan na eeu^ecmeeHHoil ocu qjynKyun f(x) maKoea, 
umo eunojiHttemca nepaeencmeo 

00 

/ 7T ax < 00. 

J 1 + x z 

—00 

Tozda cyu^ecmeyem nocmonuHan C manan, umo 

h 2 f = -f + C. 

^OKasaTejibCTBO TeopeMbi [T61 mo>kho HaftTH b [20, nyHKT 3.6.2]. 

OnHHieM CBOHCTBa onepaTopa THjibSepTa b GaHaxoBOM npocTpaHCTBe /C(R), hbjih- 
k)ihhmc5i npaMOH cyMMoft npocTpaHCTB A\ h A2. Cjieflyioiiryio Teopeiviy mo>kho pac- 
CMaTpHBaTb KaK BapnaHT TeopeMbi [151 

TEOPEMA 17. Ha cfiyHKyusix U3 6aHaxoeodo npocmpancmea /C(R) = A\ © A2 npe- 
o6pa3oeaHue Tiui^epma Koppenmno onpedejieno djin ecex x 6 R. Onepamop Fujih- 
6epma H nepeeodum npocmpaHcmeo A\ e hoak. Ha npocmpaHcmee A2 onepamop H 
siejisiemcsi u30MempunecKUM, npuneM HA2 = A2. Kaotcdasi cfiynKyusi U3 A2, Komopasi 
sieAsiemcsi npeo6pa3oeaHueM Qypbe Mepu /i, cocpedomonennou na odnou U3 nojiyoceil 
(—00,0) ujiu (0,oo), siejisiemcsi co6cmeennou gjynKyueu onepamopa H. JJw6asi (fiynK- 
yusi 113 A2 siejisiemcsi cyMMon deyx co6cm6ennux gjynKyuu onepamopa H. 

IlycTb Cb — npocTpaHCTBO HenpepbiBHbix orpaHHneHHbix (pyHKHHH Ha BemecTBeH- 
hoh och. Cjieflyiomasi TeopeMa sto KpnrepHH npHHafljie^KHOCTH (pyHKHHH H3 npo- 
CTpaHCTBa Cb ajireGpe /C(R). 
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TEOPEMA 18. fijia mozo, umo6u (fyHKyuA f U3 npocmpaHcmea npunadjiecHcana 
ajize6pe /C(R), neo6xoduMO u docmamouHO, nmo6u 3aa ak)6ou uiohku iGl npeo6pa- 
3oeanue FuA^epma (fynKyuu f 6ujio KoppeKmno onpedeAcno u umo6u Hf G /C(R). 

^OKA3ATEJIbCTBO. HacTb TeopeMbi b CTopoHy HeoSxoflHMOCTH cjie^yeT H3 Teope- 
Mbi [TBI floKa^KeM BTopyio HacTb. IlycTb (p = Hf G /C(R). Ilo Teopeivie [T71 cymecTBveT 
(pyHKii,Ha fi G /C(R) ii nocT05iHHa5i C\ Taxiie, hto Hf = (p = Hf\ + C\. Cjie^oBa- 
TejibHO, H 2 f = H 2 f\. Tenepb 113 TeopeMbi US\ cjie^yeT, hto / = fi + Ci- EtosTOMy 
/ G /C(R). 

Teopeivia ^OKasaiia. 

BBH^y Ba>KHOCTH ajire6pbi J-"(R) ccpopMyinipyeM cooTBeTCTByiomiie pe3yjibTaTbi 
fljiH 3TOH ajire6pbi. H3bgctho [2H Teopeivia 19.18], hto ajire6pa J-"(R) HBji5ieTC5i H^ea- 
jiom b ajireGpe /C(R). 

TEOPEMA 19. nycmh f G Zq(— oo,oo), f - - ee npeo6pa3oeaHue Qypbe, z - - neee- 
VL^ecmeeHHoe hucao. Tosda eunoAHHemcn paeencmeo 




V.P. / 4±-Ld\ = F(z] 



dde F(z) - - npeo6pa,306anue KapAeMana (fynnyuu f . 
3to cjieflCTBHe TeopeMbi | 



TEOPEMA 20. nycmh (fynnyuA f G L\{— oo,oo) u f - - ee npeo6pa3oeanue Qypbe. 
Tosda 3aa aw6ozo eeuificmeennozo x cyw^ecmeyem unmezpaA 

oo ^ 

. X - x 



nonuMaeMuu kqk 




X 




u eunoAHAemcA paeencmeo 




/( — dX=-if 1 (x), 
- x 

— oo 

2de h(t) = (aigat)f{t). 

3to cjie^CTBiie TeopeMbi [151 

TEOPEMA 21. Onepamop ruAh6epma H omo6pacncaem 6anaxoeo npocmpancmeo 
F(M) na F(M). 9mo u30MempuHecKuu onepamop. BcAKaA (fynKyuA cp U3 .F(R), ne- 
AJiwmaACH npeo6pa3oeanueM Qypbe (fynnyuu /, paenou nyAW na odnou U3 noAyoceil 
(—oo,0), (0,oo), AeAAemcA co6cmeennou (fynKyueu onepamopa H. JIw6aji (fynnyuR 
U3 J-"(R) npedcmaeAMemcR e eude cyMMU deyx co6cmeeHHUX ajyHKyuu onepamopa H. 
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3to cjie^CTBHe TeopeMbi [T71 

IlycTb Co — npocTpaHCTBO HenpepbiBHbix Ha och (—00,00) 6ecKOHeHHO Majibix Ha 

6eCKOHeHHOCTH (pyHKHHH. 

Teopema 22. Ilycmb ip G Co. JJjmi moso, nmo6u (fiynKyufi <p npunadjieotcajia aji- 
zc6pc ^(R), hco6xo3umo u docmamouno, umo6u djin jik>6o20 x G R npeo6pa3oeanue 
Fujib6cpma (fiyHKyuu (p 6ujio KoppeKmtw onpcdcjicno u (fiynKyusi Hip npunadjieotcajia 

^OKasaTejibCTBO stoh TeopeMbi aHajiornnHO ^OKasaTejibCTBy TeopeMbi [TBI 
PaccMOTpHM eme aHajiorn TeopeM [T2H221 RJiR 6aHaxoBoit ajire6pbi BnHepa W, co- 

CT05IH],eH H3 CpyHKHHH BHfla 



cJ < 00. 



cp( x ) = J2 c n e mx , \\tp\\ = J2 

n=—oo n=—oo 
Ilo CJIO>KHBHieHCa Tpa^HHHH CHMBOJIOM (f 6yflfiM o6o3HaHaTb TaK>Ke (pyHKH,HK) 



*>(0 = E c ^ c 



-00 



3to no3BOJi5ieT b o^hhx cjiynaax paccMaTpHBaTb cp k&k nepnoflHHecKyio (pyHKHHio 
Ha BemecTBeHHOH och, a b ppyrwx cjiynaax KaK cpyHKHino Ha eflHHHHHoii OKpy>KHOCTH 
^ = {C : ICI = !}• OTMeTHM, hto b flajibHeHHieM TaM, r^e OKpy>KHOCTb T paccMaTpn- 
BaeTca KaK opneHTHpoBaHHaH KpHBaa, CHHTaeTCH, hto OHa npo6eraeTC5i npoTHB xo^a 
nacoBOH CTpejiKH. 



Teopema 23. Ilycmb 



n=— 00 



(3.9) 



(3.10) 



Tosda 



DO 



27rz^^c n z", ec/m |z| < 1, 

77=0 
-1 

-27ri c n 2 n , ec/iw |z| > 1. 



^OKA3ATEJlbCTBO. Ecjih b (popiviyjiy (13.101 ) no^CTaBHTb ip(() H3 (popiviyjibi ( 13.91 ). 

TO B CHJiy paBHOMepHOH CXOflHMOCTH pflfla nOpHflOK HHTerpHpOBaHHM H CyMMHpOBaHHH 

mo>kho noivieHHTb. OTCiofla y>Ke jierKO cjie^yeT yTBep^fleHHe TeopeMbi. 

3AMEHAHHE 4. Ecjiu cmamb na mouny 3penun a6cmpaKmno80 zapMonunecKozo ana- 
AU3a, mo cfjyHKyuK) cp MODfCHo CHumamb npeo6pa3oeanueM Qypbe cjiyHKyuu c n , onpe- 
dejieHHoil na a6ejieeou spynne Z ycjiux uuceji. Tosda cfiyHKyuto i/j momcho paccMam- 
pueamb nan npeo6pa3oeanue KapjieMtma cfiyHKyuu c n . Tclkum o6pa30M, mcopeMaWB. 
neAnemcn anaAoeoM meopeMuHE djin ajizc6pu W. 
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Teopema 24. IJycmb if = c n e mx G W. Tozda djin jik>6ozo z G T eunoAHHemcn 

n=— oo 

V.P- / ^ = i V 7/^*", (3.11) 



T 



n=—oo 



sde rj n = 1 n^w n > u r] n = —1 npu n < 0. 

^OKA3ATEJTbCTBO. CorjiacHO Teopeivie [HI BbinojiH5ieTCH paBeHCTBO 

!dte«-/a«)-*<* 

H3 TeopeMbi [231 cjie^yeT, hto 

1 f ipfft ^ 
lim / tx dC = > c n 2™ = argz, 

pjp n=0 

-1 



lim / - — fiQ. — dC = — 



T 



M.3 ccpopMyjiHpoBaHHbix yTBep^K^eHHft cjie^yeT cymecTBOBaHHe HHTerpajia ( 13.111) h 
BbinojiHeHHe paBeHCTB 



U = rjp 



-1 



-2m c n z n - V.P. I pQ- d( = -TTiip(z). 

n=— oo rjp 

H3 3Toro cjie^yeT yTBep^fleHne TeopeMbi. 
Teopeivia ^OKasaHa. 

llycTb Wo - - no^npocTpaHCTBO 6aHaxoBoro npocTpaHCTBa W, coeroamee H3 Tex 
(pyHKn,HH w G W, ajih KOTopbix cq = 0. B npocTpaHCTBe Wo onepaTop w i — > 

V.P.— [ — o?C coBna^aeT c onepaTopoM riuib6epTa i7, KOTopbm corjiacHO 06- 

T 

menpHH^TOMy onpeflejiemiio mvieeT bh^ 

2tt 

1 /" x — y 
Hw){x) = V.P.— / ctg^— w(y)dy. 

Z7T I 2 
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TEOPEMA 25. Onepamop ruAb6epma H omo6pajfcaem 6anaxoeo npocmpaHcmeo Wo 
na ce6n. B npocmpaHcmee Wo amo u30MempunecKuu onepamop. Bcnnan gjyHKyuA w 
U3 Wo mama, nmo c n = jiu6o npu n > 0, jiu6o npu n < AOA^emcA codcmeennou 
(fiyHKVjUeu onepamopa H. JIw6asi gjynKyuA U3 Wo npedcmaeAsiemcA e eude cyMMU 
deyx co6cmeeHHUx gjynKyuu onepamopa H. 

C(J)opMyjiHpoBaHHaH Teopeivia 5iBji5ieTC5i jierKHM cjie^CTBiieivi npeflBiflymeii. 

TEOPEMA 26. Ilycmb w - nenpepuenan In -nepuodunecKafi gjyHKyuA. fijiH moso, 
umo6u w npunadjiecHcajia aAse6pe W, neo6xoduMO u docmamonno, nmo6u npeo6pa- 
3oeanue rujib6epma amou gjynKyuu 6ujio Koppenmno onpedejieno e Kaofcdou monne x 
eemecmeeuHou ocu u umo6u Hw G W. 

^OKA3ATEJlbCTBO. HacTB TeopeMBi b CTopoHy HeoSxo^HMOCTH cjie^yeT H3 Teope- 
MBi EU flpKawieM BTopyio HacTB. IlycTB Hw G W. II o Teopeivie [231 cymecTByKxr (pyHK- 
i;hh W\ G Wo h nocTO^HHaa c TaKiie, hto H{w — w\) = c. OyHKnii5i w; — G £2(0, 27r). 

fljIH <pyHKII,HH U G iv2(0, 27f) K03Cp(pHD;HeHTBI OypBe C n (pyHKUHH 1i H K03(p(pHD;HeH- 

00 00 

tbi OypBe d n cpyHKiiHH Hu CB23aHBi cooTHOineHHeM |c n | 2 = \d n \ 2 , Kpoivie 



n=-oo n=— OO 



Toro do = 0. OTCiOfla cjie^yeT, hto c = h hto Bee KOScpcpiiniieHTBi OypBe cpyHKiriiH 
w — w\ KpoMe HyjieBoro paBHBi Hyjiio. IlosTOMy (pyHKii,ii5i w — w\ 5iBjriieTC5i iiocto5ihhoh, 
w G W. 

Teopeivia ^OKasaiia. 

3AMEHAHHE 5. OmMemuM, nmo U3 meopeMu\£Q cjiedyem, nmo ecjiu w G W, mo w 
u Hw neAmomcA nenpepuenuMU gjynKyuAMU. Kan cjiedyem U3 ymeepwcdenuA 14 U3 
ecmynjienusi U3 nenpepuenocmu qiynKyuu w u Hw neAb3A 3aKAK>numb, nmo w G W. 

TeopeMaWQ no cyu^ecmey 9KeueaAenmna ymeepafcdenuw U3 /3| zji. 2, nynnm 10], 
zde zoeopumcH, nmo ecjiu (fiynKyuji w npunadjieotcum aAse6pe W (aAze6pe A e 060- 
3HaneHunx Kaxana), mo ee conpsiJtceHHaA gjyHKyuA maKotce npunadjieoicum W. 

CeiiHac mbi flOKa^Keivi aiiajior TeopeMBi [TU1 ^jih cpyiiKUHH 113 L P (K). 

TEOPEMA 27. nycmb gjynKyuA f G L„(R) : p G (1,2], / - ee npeo6pa3oeanue 
Oyphe, z — Heeeu^ecmeeHHoe hucao. Tosda eunojiHaemca paeencmeo 

{^d\ = F(z), (3.12) 

zde F(z) - - npeo6pa3oeanue KapAeMana (fiynKyuu f . 

^OKA3ATEJlbCTBO. Bo-nepBBix, 3aMeTHM, hto HHTerpaji b jieBofi HacTii paBeHCTBa 
KoppeKTHO onpe^ejieH. ^eHCTBHTe jibho , nycTB hhcjio q onpeflejiaeTCH H3 paBeHCTBa — h 

1 P 

— = 1. Toiyra no Teopeivie Xayc^opcpa-IOHra HMeeivi /(A) G L q . Kpoivie Toro, G 

q A + z 

T(x) 

L p . riosTOMy G L\. riycTB {/ n }^Li C L p f]Li Taxaa nocjieflOBaTejiBHOCTB, hto 

A -\- z 




33 



f n — y f b MeTpiiKG L pi nycTb F n (z) — npeo6pa30BaHne KapjieMaHa (pyHKUHii f n . Ho 
Teopeivie EE] 



/n(A) 



^7T J \ + Z 

— oo 



d\ = F n (z). 



(3.13) 



IlycTb Imz > 0. HivieeM 



\F(z)-F n (z)\ 



(/(*) " /nW)^ 



<!!/-/« 



= f-)'||/-/n||p. 



Cjie^OBaTejibHO, F n (z) — > F(z) (n — > oo). Kpoivie Toro, 



/(A) 



A + z 



dX 



/n(A) 

A + z' 



dA 



<!!/-/, 



A + z 



H3 SToro cjie^yeT, hto 



+oo 



/n(A) 



+oo 



lim 

77.^00 J A + z 
—00 



dA = 



/(A) 
A + z 



cU. 



riepexoflfl b paBeHCTBG ( 13. 131 ) k npe^ejiy npn n — > oo, nojiy^HM (13.121) . Mbi paccMOT- 
pejiH cjiynaH Imz > 0. Cjiynaft Imz < paccMaTpiiBaeTC5i aHajiorHHHO. 
Teopeivia ^OKasaHa. 



j4. OopMyjia IloB3Hepa 



B 3tom naparpacpe mh ^aeivi HtrrerpajibHoe npe^CTaBjieHHe ^jra npeo6pa30BaHH5i Kap- 
jieiviaHa Mep H3 KjiaccoB M&. Kax y>Ke OTMenajiocb bo BCTynjieHHH, Kjiacc Mep 
aHajiornneH Kjiaccy cpyHKiniii Fk, KOTopbiii BBeji BoxHep [22] • A 713 Mep \i G M& k-Toe 
npeo6pa30BaHHe BoxHepa t) onpeflejraeTca no (popiviyjie 



1 



-ixt 



2tt 



-ix)' 



dji{x) 



fe-i 

E 



-zxt) ? 



Pfe_l(x, t) - 

777 =0 

0, 



-, ecjiH \x\ < 1. 



ecjiH laH > 1. 



3aMeTHM, hto ju(0, £) coBna^aeT c npeo6pa30BaHHeM Oypbe fi,(t) Mepbi ll. Ecjih ll G 

7 ^ d k fi(k,t) 
Mq, to /i G Mfc fljia jiioooro /c. B stom cjiynae BbinojiH^eTca paBeHCTBO — — = 
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j2(t). OTMeraM eme cjieflyiomee. H3 H3BecTHoft (popMyjibi 

fe-i 



< J rn I 



1 



m=0 



(k-r 



f ik) (u)(x-u) k ^du, 



npiiMeHeHHOH k (pyHKHHH f(x) = e , cjie^yeT ou,eHKa 



1 



-itx 



-IX , 



fc-1 

E 

TO=0 



-itx) 1 



ml 



< 



k\ 



H3 3Toro HepaBeHCTBa, b cbokd onepeflb, jierKO cjie^yeT, hto ecjin Mepa fi H3 Kjiacca 
He Harpy>KaeT Hyjra, to BbinojmsieTCfl paBeHCTBO 

lim ^tlA = 0. 

i— S-±oo t 

TEOPEMA 28. IJycmh fi G M/-, /2(/c, A) - ee /c-oe npeo6pa3oeanue Boxnepa, F{z) 
- ee npeo6pa3oeaHue KapjieMcma, z - - Heeeu^ecmeeHHoe hucjio. Tozda cnpaeed/iuea 
cfiopMyAa 



ik\ 



^7T 



y.p. 



(X + z)^ dX - F{z) - 



(4.1) 



^OKA3ATEJlbCTBO. fljia A; = Teopeivia ES coBna^aeT c TeopeMoii[T21 llosTOMy b 
flajibHeftnieM mo>kho cnnraTb, hto k > 1. 3aMeTHM, hto ecjin (popiviyjia (14.11) BepHa /yin 
Ka^floft H3 Mep /ii h /i2, to OHa BepHa h /yiH hx cyMMbi. Ecjih fi — 3to Mepa flnpaKa 5, 
to (popMyjia ( 14.11) flOKasbmaeTCH npHMbiM BbiHHCJieHHeM jieBoft h npaBofi nacTen. H3 
CKa3aHHoro cjie^yeT, hto (popiviyjiy ( 14.11) ^ocTaTOHHO flOKa3bmaTb ^jih cjryHan, Kor,n;a 
Mepa fi He Harpy>KaeT Hyjia. B flajibHeftnieM CHHTaeTCH, hto sto ycjiOBHe BbinaiiHHeTCfl. 

llpe/niojiojKHM, hto \i G Mq. Tor^a fi G ^jih jno6oro k. B 3tom cjiynae (popMyjia 
( 14.11) nojiynaeTCH H3 (popMyjibi ( 13.31) c noMombio HHTerpnpoBaHHH no nacTHM. 

llycTb fi — npoH3BOJibHa5i Mepa H3 M/-. Tor^a \i = \i\ + /X2, iyre \x\ — orpamiHeHHe \x 
Ha cerMeHT [—1,1], a \±2 = fi — fi\. KajK^an H3 Mep /xi, /X2 npHHa/yie^KHT npnneM 
fii G Mq. llo flOKa3aHHOMy, (popMyjia ( 14.11) BepHa fljia Mepbi fi\. 

H3 CKa3aHHoro cjie^yeT, hto ^jih cnpaBefljiHBOCTH cpopMyiibi ( 14.11 ) flocTaTOHHO npo- 
BepHTb ee cnpaBefljiHBOCTb npn BbinojiHeHHH flByx flonojiHHTejibHbix ycjiOBHH: 

1) Mepa \x He Harpy>KaeT cerMeHT [—1, 1], 

2) k > 1. 

flajiee mm CHHTaeM, hto 3th ycjiOBHH BbinojiHHiOTCH. B stom cjiynae 



fi(k,\) 



00 / +00 



dX 



{X + z) k + l 

—00 

BbinojiHaeTCH HepaBeHCTBO 




-itX 



-it) k {\ + z) 
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jd[i(t) dX. 
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00 Voo 



-itX 



-it) k {\ + z) k+l 



d\n\{t) \ dX < 00 



00 \— 00 
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riosTOMy H3 TeopeM ToHejuiH ii Oy6imii cjie^yeT, hto 




(A + z) k + l V27T 
flejia.51 3aivieHy —tX = u, nojiy^HM 



it) k J (A + z) } 



T dA dfj,(t). (4.2) 



-itX 



-oo 



-jdX = —signt (—t) 



[u — tz) 



J (X + z) k+] 

— oo — oo 

IlpeflnojiOKHM, hto Im z > 0. Tor^a no Teopeivie [13] invieeM 

+oo 

-du = 0, £ < 0. 



k+l 



du. 



[u — tz) 



k+l 



-oo 



Ecjih >Ke t > 0, to 



[u — tz) 



k+l 



du = 27riRes 



tz' 



= 27rie ltz Res tz - 



ji(u-tz) 



u - tz) k+l 
= 2<irie itz -r, 



(u-tz)( k+1 ) k\ 
IloflCTaBjisra b (popiviyjiy ( 14.21) BbiHiicjiemioe SHaneHiie HHTerpajia, nojiy^HM 



Kk, X) 
(A + z 



ifc+i 



dX 



1 



^7T 



2ttz 



A:!\/27r 



TeM caivibiM (popiviyjia ( 14.11) ^OKasaiia npii Imz > 0. B cjiynae Imz < flOKasa- 
TejibCTBO npoBOflHTCH aiiajioriiHHO. 

3AMEHAHHE 6. B TE$ (fiopMyAa 0i4-l\) npueodumcA 3aa cjiynan, nozda Mepa fi UMeem 
eud f(t)dt, zde f(t) - He npep uenasi ozpanuneHHan (fiyHKuua (c/iedoeamejibHo, fi G 
Mi). IJoamoMy cfjopMyjiy ( |/„ 1 ) mu H03ueaeM (fjopMyAou IJoe3Hepa. 

CcpopMyjiirpyeM eme BapiiaHT TeopeMbi I2"51 pjis. KjiaccoB BoxHepa 

TEOPEMA 29. Ylycmb (fiyuKyusi f G F/-, f(k, X) - ee k-oe npeo6pa3oeanue Box- 
Hepa, F(z) - ee npeo6pa3oeanue KapjieMcma, z - neeeu^ecmeeHHoe hucao. Tozda 
cnpaeedAuea cfiopMyAa 



/2tt 
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